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In the Essentials of Geometry, the author has endeavored 
to prepare a work suited to the needs of high schools and 
academies. It will also be found to answer as well the 
requirements of colleges and scientific schools. 

In Bome of its features, the work is similar to the author's 
Revised Plane and Solid Geometry; but important improve- 
ments have been introduced, which are in line with the 
present requirements of many progressive teachers. 

In a number of propositions, the figure is given, and a 
statement of what is to be proved ; the details of the proof 
being left to the pupil, usually with a hint as to the method 
of demonstration to be employed. 

The propositions and coroUartes left in this way for the 
pupil to demonstrate will be found in the following sec- 
tions : — 

Book I., §§ 51, 76, 76, 78, 79, 96, 102, 110, 111, 112, 116, 
117, 136. 

Book II., §§ 168, 160, 166, 170, 172 (Case III.), 174, 178, 
179, 193 (Case III.), 194, and 201. 

Book III., §§ 261, 267, 261, 264, 268, 278, 282, 284, and 
286. 

Book IV., §§ 312 and 316. 

Book v., §§ 346, 347, and 360. 
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IV PREFACE. 

There are also Problems in Construction in which the 
construction or proof is left to the pupil. 

Another important improvement consists in giving figures 
and suggestions for the exercises. In Book I., the pupil 
has a figure for every non-numerical exercise; after that, 
they are only given with the more difficult ones. 

In many of the exercises in construction, the pupil is 
expected to discuss the problem, or point out its limitations. 

In Book I., the authority for each statement of a proof is 
given directly after the statement, in smaller type, enclosed 
in brackets. In the remaining portions of the work, the 
formal statement of the authority is omitted ; but the num- 
ber of the section where it is to be found is usually given. 

In a number of cases, however, where the pupil is pre- 
sumed, from practice, to be so familiar with the authority 
as not to require reference to the section where it is to be 
found, there is given merely an interrogation-point. 

In all these cases the pupil should be required to give 
the authority as carefully and accurately as if it were actu- 
ally printed on the page. 

Another improvement consists in marking the parts of a 
demonstration by the words Given, To Prove, and Proof, 
printed in heavy-faced type. A similar system is followed 
in the Constructions, by the use of the words Qiven, Re- 
quired, Constnvction, and *Proof. 

A minor improvement is the omission of the definite 
article in speaking of geometrical magnitudes ; thus we 
speak of " angle A/' " triangle ABC,^^ etc., and not " the 
angle -4,'' " the triangle ABC," etc. 

Symbols and abbreviations have been freely used ; a list 
of these will be found on page 4. 



PREFACE. V 

Particular attention has been given to putting the propo- 
sitions in the first part of Book I. in a form adapted to the 
needs of a beginner. 

The pages have been arranged in such a way as to avoid 
the necessity, while reading a proof, of turning the page for 
reference to the figure. 

The Appendix to the Plane Geometry contains proposi- 
tions on Maxima and Minima of Plane Figures, and Sym- 
metrical Figures; also, additional exercises of somewhat 
greater difficulty than those previously given. 

The author wishes to acknowledge, with thanks, the 
many suggestions which he has received from teachers in 
all parts of the country, which have added materially to the 
value of the work. 

WEBSTER WELLS. 

Massachusetts Institute of Technoloot, 

1898. 
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PRELIMINARY DEFINITIONS. 





A maUHal body. 



A ffeomeiricaZ solid. 



1. A material body, such as a block of wood, occupies a 
limited or bounded portion of space. 

The boundary which separates such a body from sur- 
rounding space is called the surface of the body. 

2. If the material composing such a body could be con- 
ceived as taken away from it, without altering the form or 
shape of the bounding surface^ there would remain a portion 
of space having the same bounding surface as the former 
material body ; this portion of space is called a geometrical 
solid, or simply a solid. 

The surface which bounds it is called a geometrical sur- 
face, or simply a surface; it is also called the surface of the 
solid, 

3. If two geometrical surfaces intersect 
each other, that which is common to both is 
called a geometrical line, or simply a line. 

Thus, if surfaces AB and CD cut each 
other, their common intersection, UF, is a 
line. 




2 GEOMETRY. 

4. If two geometrical lines intersect A. ^D 
each, other, that which is common to both ^v^^*^ 

is called a geometrical point, or simply a ^^^^^^^\^ 
point. ^ ^ 

Thus, if lines AB and CD cut each other, their common 
intersection, 0, is a point. 

5. A solid has extension in every direction; but this is not 
true of surfaces and lines. 

A point has extension in no direction, but simply position 
in space. 

6. A surface may be conceived as existing independently 
in space, without reference to the solid whose boundary it 
forms. 

In like manner, we may conceive of lines and points as 
having an independent existence in space. 

7. A straight line, or right line, is a line which has the 
same direction throughout its length ; as AB. 

F G 
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A curved line, or curve, is a line no portion of which is 
straight; as CD. 

A broken line is a line which is composed of different 
successive straight lines ; as EFQH. 

8. The word " line '' will be used hereafter as signifying 
a straight line. 

9. A plane surface, or plane, is a surface such that the 
straight line joining any two of its points jif 
lies entirely in the surface. 

Thus, if F and Q are any two points in 
surface MN, and the straight line joining 
P and Q lies entirely in the surface, then MN is a plane. 

10. A curved surface is a surface no portion of which is 
plane. 




PRELIMINARY DEFINITIONS. 3 

U. We may conceive of a straight line as being of un- 
limited extent in regard to length ; and in like manner we 
may conceive of a plane as being of unlimited extent in 
regard to length and breadth. 

12. A geometrical figure is any combination of points, 
lines, surfaces, or solids. 

A plane figure is a figure formed by points and lines all 
' lying in the same plane. 

A geometrical figure is called rectilinear, or righUlined, 
when it is composed of straight lines only. 

13. Geometry treats of the properties, construction, and 
measurement of geometrical figures. 

14. Plane Geometry treats of plane figures only. 

Solid Geometry, also called Geometry of Space, or Geometry 
of Three Dimensions, treats of figures which are not plane. 

15. An Axiom is a truth which is assumed without proof 
as being self-evident. 

A Theorem is a truth which requires demonstration. 

A Problem is a question proposed for solution. 

A Proposition is a general term for a theorem or problem. 

A Postulate assumes the possibility of solving a certain 
problem. 

A Corollary is a secondary theorem, which is an imme- 
diate consequence of the proposition which it follows. 

A Scholium is a remark or note. 

An Hypothesis is a supposition made either in the state- 
ment or the demonstration of a proposition. 

16. Postulates. 

1. We assume that a straight line can be drawn between 
any two points. 

2. We assume that a straight line can be produced (t.e., 
prolonged) indefinitely in either direction. 

17. Axioms. 

We assume the truth of the following: 
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1. Tilings which are equal to the same thing, (yr to egtuHs, 
are equal to each other, 

2. If the same operation he performed upon equals, the 
results will he equal, 

3. Bid one straight line can he drawn hetween two points, 

4. A straight line is the shortest line hetween two points. 

5. The whole is equal to the sum of all its parts. 

6. The whole is greater than any of its parts. 

18. Since but one straight line can be drawn between two 
points, a straight line is said to be determined by any two of 
its points. 

19. Symbols and Abbreviations. 

The following symbols will be used in the work : 

+, plus. . A, triangle. 

— , minus. A, triangles. 

X, multiplied by. ±, perpendicular, is perpen- 

=, equals. dicular to. 

=c=, equivalent, is equivalent Js, perpendiculars. 

to. II , parallel, is parallel to. 

>, is greater than. lis, parallels. 

<, is less than. O, parallelogram. 

.*., therefore. ZI7, parallelograms. 

Z, angle. O, circle. 

A, angles. (D, circles. n 

The following abbreviations will also be used : 

Ax.,' Axiom. Sup., Supplementary, 

bef.. Definition. Alt., Alternate. 

Hyp., Hypothesis. Int., Interior. 

Cons., Construction. Ext., Exterior. 

Rt., Right. Corresp., Corresponding. 

Str., Straight. Rect., Rectangle, rec- 
Adj.; Adjacent. tangular. 
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Book I. 

RECTILINEAR FIGURES. 




DEFminONS AND GENERAL PRINCIPLES. 

I 

20. An angle (Z) is the amount of diverg- 
ent of two straight lines which are drawn 
from the same point in different directions. 

The point is called the vertex of the angle, 
and the straight lines are called its sides. 

21. If there is but one angle at a given vertex, it may be 
designated by the letter at that vertex ; but if two or more 
angles have the same vertex, we avoid ambiguity by naming 
also a letter on each side, placing the letter at the vertex 
between the others. 

Thus, we should call the angle of § 20 "angle 0"; but 
if there were other angles having the same vertex, we 
should read it either AOB or BOA. 

Another way of designating an angle is by means of a 
letter placed between its sides; examples of this will be 
found in § 71. 

22. Two geometrical figures are said to be equal when 
one can be applied to the other so that they shall coincide 
throughout. 

To prove two angles equal, we do not consider the lengths 
of their sides. 

5 
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PLANE GEOMETRY.— BOOK I. 




Thus, if angle ABC can be applied to angle DEF in such 
a manner that point B shall fall 
on point E, and sides AB and 
BC on sides DE and EF, respec- 
tively, the angles are equal, even 
if sides AB and BC are not equal 
in length to sides DE and EF, respectively. 

23. Two angles are said to be adjacent 
when they have the same vertex, and a 
common side between themj as AOB and 
BOC. 0' 




PERPENDICULAR LINES. 

24. If from a given point in a straight line a line be 
drawn meeting the given line in such a way as to make the 
adjacent angles equal, each of the equal angles is called a 
right angle, and the lines are said to be perpendicular (J.) 
to each other. « 

Thus, if from point A in straight line CD 
line AB be drawn in such a way as to make 
angles BAC and BAD equal, each of these 
angles is a right angle, and AB and CD are 
perpendicular to each other. 
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Prop. I. Theorem. 

2S. At a given point in a straight line, a perpendicular to 
the line can he drawn, and hut one. 




A C B 

Let C be the given point in straight line AB, 
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To prove that a perpendicular can be drawn to AB at O, 
and but one. 

Draw a straight line CD in such a position that angle 
BCD shall be less than angle ACD-, and let line CD be 
turned about point (7 as a pivot towards the position CA. 

Then, angle BCD will constantly increase ; and angle 
ACD will constantly diminish, until it becomes less than 
angle BCD-, and it is evident that there is one position 
of CDf and only one, in which these angles are equal. 

Let CE be this position ; then by the definition of § 24, 
CE is perpendicular to AB. 

Hence, a perpendicular can be drawn to AB at C, and 
but one. 

26. Cor. All right angles are equal. 

Let ABC and DEF be right angles. 

To prove angles ABC and DEF 
equal. a 

Let angle ABC be superposed (i.e., 
placed) upon angle DEF in such a way that point B shall 
fall upon point E, and line AB upon line DE. 

Then, line BC will fall upon line EF; for otherwise we 
should have two lines perpendicular to DE at E, which is 
impossible. 

[At a given point in a straight line, but one perpendicular to the 
line can be drawn.] (§25) 

Hence, angles ABC and. DEF are equal (§ 22). 
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DEFINITIONS. 

27. An acute angle is an angle which 
is less than a right angle ; as ABC. 

An obtuse angle is an angle which is 
greater than a right angle ; as DEF. 

Acute and obtuse angles are called 
oblique angles; and intersecting lines 
which are not perpendicular, are said to 
be oblique to each other. 
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28. Two angles are said to be verticcU, 
or opposite, when the sides of one are the 
prolongations of the sides of the other ; as 
AEC and BED. 

29. An angle is measured by finding how many times it 
contains another angle, adopted arbitrarily as the unit of 
measure. 

The usual unit of measure is the degree, which is the 
ninetieth part of a right angle. 

To express fractional parts of the unit, the degree is 
divided into sixty equal parts called minutes, and the min- 
ute into sixty equal parts, called seconds. 

Degrees, minutes, and seconds are represented by the 
symbols, °, ', ", respectively. 

Thus, 43° 22' 37" represents an angle of 43 degrees, 22 
minutes, and 37 seconds. 

30. If the sum of two angles is a right angle, or 90°, one 
is called the complement of the other; and if their sum is 
two right angles, or 180°, one is called the supplement of the 
other. 

For example, the complement of an angle of 34° is 
90« — 34°, or 56°; and the supplement of an angle of 34° is 
180° - 34°, or 146°. 

Two angles which are complements of each other are 
called complementary; and two angles which are supple- 
ments of each other are called supplementary, 

31. It is evident that 

1. The complements of equal angles are equal, 

2. The supplements of equal angles are equal. 

EXERCISES. 

1. How many degrees are there in the complement of 47^ ? of 83® f 
of 90®? 

2. How many degrees are there in the supplement of 81® ? of 90® ? 
of 178®? 
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3. How many degrees are there in the complement, and in the 
supplement, of an angle equal to ^^ of a right angle ? 

4. How many degrees are there in an angle whose supplement is 
equal to f } of its complement ? 

5. Two angles are complementary, and the greater exceeds the 
less by 37°. How many degrees are there in each angle ? 

Prop. II. Theorem. 

32. If two adjacent angles have their exterior sides in the 
same straight line, their sum is equal to two right angles. 




A C B 

Let angles ACD and BCD have their sides AC and BC 
in the same straight line. 

To prove the sum of angles ACD and BCD equal to two 
right angles. 

Draw line CE perpendicular to AB at C. 

[At a given point in a straight line, a perpendicular to the line can 
be drawn.] (§26) 

Then, it is evident that the sum of angles ACD and BCD 
is equal to the sum of angles ACE and BCE. 

But since CE is perpendicular to AB, angles -4 CE and 
BCE are right angles. 

Hence, the sum of angles ACD and BCD is equal to two 
right angles. 

33. Sch. Since angles ACD and BCD are supplementary 
(§ 30), the theorem may be stated as follows : 

If two adjacent angles have their exterior sides in the same 
straight line, they are supplementary. 

Such angles are called supplementary-adjacent. 
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34. Cor. I. The sum of all the angles on the same side of 
a straight line at a given point is equal to two right angles. 

This is evident from § 32. 

35. Cor. n. The sum of all the angles about a point in 

a plane is equal to four right angles. 

Let AOB, BOO, COD, and DOA be angles about the 
point 0. 

To prove the sum of angles AOB, 
BOOy COD, and DOA equal to four 
right angles. ^ — 

Produce AO to E. 

Then, the sum of angles AOB, BOC, 
and COE is equal to two right angles. 

[The sum of all the angles on the same side of a straight line at 
a given point is equal to two right angles.] (§ 34) 

In like manner, the sum of angles EOD and DOA is 
equal to two right angles. 

Therefore, the sum of angles AOB, BOC, COD, and DOA 
is equal to four right angles. 




:. 6. If, in the jBgure of § 35, angles AOB, BOC, and COD are 
respectively 49°, 88®, and | of a right angle, how many degrees are 
there in angle AOD ? 

36. Sell. The pupil will now observe that a demonstra- 
tion, in Geometry, consists of three parts : 

1. The statement of what is given in the figure. 

2. TTie statement of what is to be proved, 

3. The proof 

In the remaining propositions of the work, we shall mark 
clearly the three divisions of the demonstration by heavy- 
faced type, and employ the symbols and abbreviations of 
§ 20. 
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Prop. III. Theorem. 

37. If the, sum of two adjacent angles is equal to two right 
angles, their exterior sides lie in the same straight line. 




A C B 

Oiven the sum of adj. A ACD and BCD equal to two 
rt. A. 

To Prove that AO and BC lie in the same str. line. 

Proof. If AC and BC do not lie in the same str. line, let 
CE be in the same str. line with AC 

Then since ACE is a str. line, Z ECD is the supplement 
of Z ACD. 

[If two adj. A have their ext. sides in the same str. line, they are 
supplementary.] (§ 33) 

Birt by hyp., Z ACD -f- Z BCD = two rt. A. 
Whence, Z BCD is the supplement of Z ACD. - (§ 30) 
Then since both Z ECD and Z BCD are supplements of 
Z ACD, Z ECD = Z BCD.^ 

[The supplements of equal A are equal.] (§ 31) 

Hence, EC coincides with BC, and AC and BC lie in the 
same str. line. 

38. Sch. I. It will be observed that the enunciation of 
every theorem consists essentially of two parts ; the Hypoth- 
esis, and the Conclusion. 

Thus, we may enunciate Prop. I as follows : 

Hypothesis. If a point be taken in a given straight line. 

Conclusion. A perpendicular to the line at the given point 
can be drawn, and but one. 
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39. Sch. n. We may enunciate Prop. II as follows : 

Hypothesis. If two adjacent angles have their exterior 
sides in the same straight line, 

Conclusion. Their sum is equal to two right angles. 

Again, we may enunciate Prop. Ill : 

Hypothesis. If the sum of two adjacent angles is equal 
to two right angles. 

Conclusion. Their exterior sides lie in the same straight 
line. 

One proposition is said to be the Converse of another when 
the hypothesis and conclusion of the first are, respectively, 
the conclusion and hypothesis of the second. 

It is evident from the above considerations that Prop. Ill 
is the converse of Prop. II. 

Prop. IV. Theorem. 

40. If two straight lines intersectj the vertical angles are 
equal. 




Oiven str. lines AB and CD intersecting at 0. 

To Prove ZAOC=Z. BOD, 

Proof. Since AAOC and, ADD have their ext. sides in 
str. line CD, Z AOC is the supplement of Z AOD, 

[If two adj. A have their ext. sides in the same str. line, they are 
supplementary.] (§ 33) 

For the same reason, Z BOD is the supplement of Z AOD. 

.-. ZAOC=ZBOD. 

[The supplements of equal A are equal.] (§31) 

In like manner, we may prove 

Z AOD = Z BOC. 



RECTILINEAR FIGURES. 13 



EXERCISES. 

7. If, in the figure of Prop. IV., Z AOD = 137°, how many degrees 
are there in 500? in ^00? in BOD 'i "■' 
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8. Two angles are supplementary, and' the greater is seven times 
the less. How m$uiy degrees are there in each angle ? 

Prop. V. Theorem. 

41. If a perpendicular be erected at the middle point of a 
straight line, 

I. Any point in the perpendicular is equally distant from 
the extremities of the line. 

II. Any point without the perpendicular is unequaUy dis- 
tant Jrom the extremities of the line. 




I. Oiven line CD ± to line AB at its middle point D, E 
any point in CD, and lines AE and BE, ^ 

To Prove AE = BE. 

Proof. Superpose figure BDE upon figure ADE by fold- 
ing it over about line DE as an axis. 

Now ZBDE = ZADE. 

[Ali rt. A are equal.] (§ 26) 

Then, line BD will fall upon line AD. 
But by hyp., BD = AD, ' 

Whence, point B will fall on point A, . 
Then line BE will coincide with line AE, 
[But one str. line can be drawn between two points.] (Ax. 3) 

.-. AE=BE, 
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A D B 

II. Oiven line CD ± to line AB at its middle point D, 
F any point without CD, and lines AF and BF, 

To Prove AF>BF. 

Proof. Let AF intersect CD at ^, and draw line BE. 

Now BE-hEF>BF. 

[A str. line is the shortest line between two points.] (Ax. 4) 

But, BE = AE. 

[If a ± be erected at the middle point of a str. line, any point in 
the J_ is equally distant from the extremities of the line.] (§ 41, I) 

Substituting for BE its equal AE, we have 

AE + EF> BF, or AF> BF 

42. Cor. I. Every point which is equally distant from the 
extremities of a straight line, lies in the perpendicular erected 
at the middle point of the line. 

43. Cor. U. Since a straight line is determined by any 
two of its points (§ 18), it follows from § 42 that 

Two points, each equally distant from the extremities x>f a 
straight line, determine a perpendicular at its middle point. 

44. Cor. m. When figure BDE is superposed upon figure 
ADE, in the proof of § 41, 1., Z.EBD coincides with Z EAD, 
and Z BED with Z AED. 

That is, Z EAD = Z EBD, and Z AED = Z BED. 
Then, if lines be drawn to the extremities of a straight line 
from any point in the perpendicular erected at its middle pointy 

1. They make equal angles with the line. 

2. They make equal angles with the perpendicular. 
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Prop. VI. Theorem. 

46i From a given point without a straight line, a perpen- 
dicular can be drawn to the line, and but one. 




H 



G 



Oiven point C without line AB, 

To Prove that a J_ can be drawn: from C to AB, and but one. 

Proof. Let line ^^be ± to line FG at H, 

[At a given point in a str. line, a ± to the line can be drawn.] (§ 25) 

Apply line FG to line AB, and move it along until HK 
passes through (7; let point H fall at D, gjid draw line CD, 
Then, CD \% ± AB, 

If possible, let CE be another J_ from C to AB.^ 
Produce CD to C\ making CD = CD, and draw line EC. 
By cons., ED is ± to CO at its middle point D. 

,', ZCED=fZC'ED. 

[If lines be drawn to the extrfemities of a str. line from any point in 
the ± erected at its middle point, they make equal A with the ±.] 

(§ 44) 
But by hyp., Z CED is a rt. Z ; then, Z CED is a rt. Z. 

.-. Z CED -I Z CED = two rt. A, 

Then line CEC is a str. line. 

[If the sum of two adj. A is equal to two rt. A, their ext. sides lie 
in the same str. line.] (§ 37^ 

But this is impossible, for, by cons,, CDC is a str. line. 

[But one str. line can be drawn between two points.] (Ax. 3) 

Hence, CE cannot be ± AB, and CD is the only -L tha.t 
can be drawn. 
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Prop. VII. Theorem. 

46. The perpendicular is the shortest line that can he drawn 
from a point to a straight line. 




Oiven CD the ± from point C to line ABy and CE any 

other str. line from C to AB, 

To Prove CD < CE. 

Proof. Produce CD to C\ making CD = C7Z>, and draw 
line EC\ 
By cons., ED is ± to CO at its middle point D, 

.-. CE==C'E. 

[If a ± be erected at the middle point of a six. line, any point in the 
± is equally distant from the extremities of the line. ] (§ 41) 

But CD + DC <CE-{- EC. 

[A str. line is the shortest line between two points.] (Ax 4.) 

Substituting for DC and EC their equals CD and OE, 

respectively, we have 

2CD<2CE. 

.-. CD<CE. 

47. Sch. The distance of a point from a line is understood 
to mean the length of the perpendicular from the point to 
the line. 



:. 9. Find the number of degrees in the angle the sum of whose 
supplement and oomplement ia 196®. 
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Prop. VIII. Theorem. 

4S. If two lines he drawn from a point to the extremities of 
a straight line, their sum is greater than the sum of two other 
lines similarly drawn, but enveloped by them. 




Oiven lines AB and AC drawn from point A to the 
extremities of line BC\ and DB and DC two other linea 
similarly drawn, but enveloped by AB and AC. 

To Prove AB^AC>DB^ DC. 

Froof. Produce BD to meet AC at E. 

Now AB + AE>BE. 

[A Btr. line is the shortest line between two points.] (Ax. 4) 

Adding EC to both members of the inequality, 

BA -{- AC > BE + EC. 
Again, DE + EC > DC. 

Adding BD to both members of the inequality, 

BE-\-EC>BD-\-DC. 

Since BA + AC is greater than BE + EC, which is itself 
greater than BD + DC, it follows that 

AB + AC>DB^DC. 

EXERCISES. 

10. Tbe straight line which bisects an angle 
bisects also its vertical angle. 

(If 0^ bisects /.AOC, ZAOE = ZCOE; E 
and these A are equal to ABOF and DOF, 
respectively.) C 
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A 




B 



11. The bisectors of a pair of vertical angles lie in tiie same 
straight line. 

(Fig. of Ex. 10. To prove EOFsLntr. line. Z COE= ZDOF^ for 
they are the halves of equal A ; but /.DOE +Z COE = 2 rt. 4, and 
therefore A DOE -\-Z.D0F=2 rt. A.) 

12. The bisectors, of two supplementary ad- 
jacent angles are perpendicular to each other. 

(We hsLve ZACD-\- Z BCD = 2 tL A; a.nd \ / ^F 

A DOE and DCF are the halves of A A CD and 
BCD, respectively.) 

13. If the bisectors of two adjacent angles are perpendicular, the 
angles are supplementary. 

(Fig. of Ex. 12. Sum of A DOE and DCF= 1 rt. Z, and ADCE 
and DCF are the halves of AACD and BCD, respectively.) 

14. A line drawn through the vertex of an angle ^ 
perpendicular to its bisector makes equal angles with 
the sides of the given angle. O 

{A AOD and BOE are complements of AAOC 
and BOC, respectively.) £l 

Prop. IX. Theorem. 

49r If oblique lines he drawn from a point to a straight 

linSf 

I. Two oblique lines cutting off equal distances from the 
foot of the perpendicular from the point to the line are eqiLol, 

II. Of two oblique lines cutting off unequal distances from, 
the foot of the perpendicular from the point to the Une^ the 
more remote is the greater. 







L Given CD the ± from point C to line AB\ and CE and 
OF oblique lines from O to AB, cutting off equal distances 
from the foot of OD. 
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To Prove CE=CF, 

Proof. By hyp., CD is ± to EF at its middle point D. 

.-. CE=CF. 

[If a ± be erected at the middle point of a str. line, any point in 
the ± is equally distant from the extremities of the line.] (§ 41) 




II. Oiven CD the J_ from point C to line AB; and CE 
and CF oblique lines from C to AB, cutting off unequal 
distances from the foot of CD ; CF being the more remote. 

To Prove CF> CE. 

Proof. Produce CD to Oj making CD = CD, and draw 
lines C'E and CF. 

By cons., AD is JL to CC at its middle point D. 

.-. CF= CF, and CE = C'E. 

[If a ± be erected at the middle point of a str. line, any point in 
the ± is equally distant from the extremities of the line.] (§ 41) 

But - CF-\rFC>CE^EO. 

[If two lines be drawn from a point to the extremities of a str. line, 
their sum is > the sum of two other lines similarly drawn, but en- 
veloped by them.] (§ 48) 

Substituting for FO and EO their equals CF and CE, 

respectively, we have 

2CF>2CE. 

.'. CF>CE. 

Hcyte. The theorem holds equally if oblique line OJS is on the 
opposite side of perpendicular CD from CF* 
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\ Prop. X. Theorem. 

50. (Converse of Prop. IX., I.) If oblique lines be drawn 
from a point to a straight line, two equal oblique lines cut ojf 
equal distances from the foot of the perpendicular from the 
point to the line. 






Oiven CD the .L from point C to line AB, and CE and 
CF equal oblique lines from C to AB. 

To Prove DE = DF. 

Proof. We know that DE is either >, equal to, or < 
DF, 
If we suppose DE > DF, CE would be > CF. 

[If oblique lines be drawn from a point to a str. line, of two oblique 
lines catting off unequal distances from the foot of the JL from the 
point to the line, the more remote is the greater.] (§ 49) 

But this is contrary to the hypothesis that CE = CF. 
Hence, DE cannot be > DF, 

In like manner, if we suppose DE < DF, CE would be 
< CF, which is contrary to the hypothesis that CE = CF. 
Hence, DE cannot be < DF. 

Then, if DE can be neither > DF, nor < DF, we must 
have DE = DF. 

Note. The method of proof exemplified in Prop. X is known as 
the " Indirect Method," or the ** Beductio ad Abaurdum.''^ 

The truth of a proposition is demonstrated by making every pos- 
sible supposition in regard to the matter, and showing that, in aJI 
cases except the one which we wish to prove, the supposition leads to 
something which is contrary to the hjrpothesis. 



> 
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51. Cor. (Converse of Prop. IX, II.) If two unegijcd 
oblique lines be drawn from a point to a straight line, the 
greater cuts off the greater distance from 

the foot of the perpendicular from the 
point to the line. 

Given CD the ± from point O to line 
AB; and CE and CF unequal oblique 
lines from C to AB, CF being > CE, 

To Prove DF>DE, 

(Prove by Reductio ad Absurdum; by § 49, 1, DE cannot 
equal DF, and by § 49, II, it cannot be > DF") 

PARALLEL LINES. 

52. Def. Two straight lines are said to be parallel (II) 

when they lie in the same plane, and ^ ^ 

cannot meet however far they may be 

produced; as AB and CD. ^ ^ 

53. Ax. We assume that but one straight line can be 
dravm through a given point parallel to a given straight line. 

Prop. XI. Theorem. 

54. Two perpendiculars to the same straight line are 
parallel. ^ 



D 



Given lines AB and CD ± to line AC. 
To Prove AB II CD. 

'BtwA, If AB and CD are not II, they will meet in some 
point if sufficiently produced (§ 52). 

We should then have two Js from this point to AC, which 

is impossible. 

[From a given point without a str. line, but one JL can be drawn to 
m&line.] (§45) 

Therefore, AB and QD cannot meet, and axe IL 
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Prop. XIL Theorem. 

55. Two straight lines parallel to the same straight line are 
parallel to each other, 

A B 

C D 

E F 

Given lines AB and CD II to line EF, 
To Prove AB II CD. 

Proof. If AB and CD are not II, they will meet in some 
point if sufficiently produced. (§ 52) 

We should then have two lines drawn through this point 
II to EFy which is impossible. 

[Biit one str. line can be drawn through a given point II to a given 
str. line.] (§ 53) 

Therefore, AB and CD cannot meet, and are II. 

Prop. XIII. Theorem. 

56. A straight line perpendicular to one of two parallels is 
perpendicular to the other. 



'E 
■zD 



Given lines AB and CD II, and line AC ± AB, 

To Prove AC± CD. 

Proof. If CD is not J. AC, let line CE be ± AC, 

Then since AB and CE are ± AC, CE W^AB. 

[Two Js to the same str. line are II.] (§ 54) 

But by hyp., CD II AB, 

Then, CE must coincide with CD. 

[But one str. line can be drawn through a given point II to a given 
str. line.] > ^ (f 53) 



\ 
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But by cons., AC ± CE, 

Then since CE coincides with CD, we have AC ± CD. 

TRIANGLES. 

DEFINITIONS. 

57. A triangle (A) is a portion of a plane bounded by- 
three straight lines ; as ABC 

The bounding lines, AB, BC, and CA, 
are called the aides of. the triangle, and 
their points of iiitersection. A, B, and C, 
the vertices. 

The angles of the triangle are the 
angles CAB, ABC, and BCA, included between the adjacent 
sides. J, 

An exterior angle of a triangle is 
the angle at any vertex between any 
side of the triangle and the adjacent 
side produced ; as ACD, 

SS. A triangle is called scalene when nO two of its sides 
are equal ; isosceles when two of its sides are equal ; equi- 
lateral when all its sides are equal ; and equiangular when 
all its angles are equal. 








Sealine. Jaoaoelea, Eqv4lateral, 

59. A right triangle is a triangle which has a right 
angle; as ABC, which has a right ^A 

angle at C 

The side AB opposite the right angle 
is called the hypotenuse, and the other 
sides, AC and BC, the legs. 
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60. If any side of a triangle be taken and called the 
base, the corresponding altitude is the perpendicular drawn 
from the opposite vertex to the base, produced if necessary. 

In general, either side may be taken as the base ; but in 
an isosceles triangle, unless otherwise specified, the side 
which is not one of the equal sides is taken as the base. 

When any side has been taken as the 
base, the opposite angle is called the ver- 
tical angle, and its vertex is called the 
vertex of the triangle. 

Thus, in triangle ABC, BC is the base, 
AD the altitude, and BAC the vertical 
angle. 

61. Since a straight line is the shortest line between two 
points (Ax. 4), it follows that 

Any side of a triangle is less than the sum of the other 
two sides. 




Prop., XIV. Theorem. 

62. Any side of a triangle is greater than the difference of 
the other two sides. 




Given AB, suaj side of A ABC; and side 5(7 > side AC. 
To Prove AB>BC- AC, 

Proof. We have AB + AC>BC. 

[A str. line is the shortest line between two points.] (Ax. 4) 

Subtracting AC from both members of the inequality, 

AB>BC-Aa 



t^ 



\ 
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Prop, XV. Theorem. 

^ 63. Two triangles are equal when two aides and the in- 
cluded angle of one are equal respectively to two sides and the 
indtided angle of the other, 

C 





Given, in A ABC and DEF, 

AB = DE, AC=DF, and ZA = ZD. 
To Prove A ABC = A DEF, 

Proof. Superpose A ABC upon A DEF in such a way 
that Z A shall coincide with its equal Z D ; side AB falling 
on side DE, and side AC on side DF, 

Then since AB = DE and AC = DF, point B will fall on 
point Ej and point C on point F, 
Whence, side BC will coincide with side EF, 
[But one str. line can be drawn between two points.] (Ax. 3) 

Therefore, the A coincide throughout, and are equal. 

64. Cor. Since ABC and DEF coincide throughout, we 
have ZB = ZE, ZC=ZF, and BC=EF. 

65. Sch. I. In equal figures, lines or angles which are 
similarly placed are called homologous. 

Thus, in the figure of Prop. XV, ZA is homologous to 
Z!D ; AB is homologous to DE ; etc. 

66. Sch. n. It follows from § 65 that 

In equal figures, the homologous parts are equal. 

67. Sch. m. In equal triangles, the equal angles lie 
opposite the equal sides. 
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Prop. XVI. Theorem. 

68L Two triangles are equal when a aide and two adjacent 
angles of one are equal respectively to a side and two adjacent 
angles of the other. 

C 





Given, in A ABO and DEF, 

AB=DEy ZA^ZD, and ZB = ZE. 
To Prove A ABC = A DEF, 

Proof. Superpose A ABO upon A DEF in such a way 
that side AB shall coincide with its equal DE; point ji 
falling on point D, and point B on point E, 

Then since ZA = ZDf side AO will fall on side DF, and 
point will fall somewhere on DF. 

And since ZB = ZE, side BO will fall on side EF, and 
point O will fall somewhere on EF 

Then point 0, falling at the same time on DF and EF', 
must fall at their intersection, F. 

Therefore, the A coincide throughout, and are equal 

EXERCISES. 

15. If, in the figure of Prop. XV., AB=EF, BC=DE, and 
ZB = ZEt which angle of triangle DEF is equal to ^ ? which angle 
is equal to C ? 

16. If, in the figure of Prop. XVL, AC = DF, ZA = ZF, and 
ZC = ZD, which side of triangle DEF is equal to AB ? which side 
is equal to BC? 

17. If OD and OE are the bisectors of two complementary- 
adjacent angles, AOB and BOC, how many degrees are there in 
ZDOE? 



A- 
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Pbop. XVII. Theobem. 



G9. Two triangles are equal when the three sides of one are 
equal respectively to the three sides of the other. 



C F 





Oiven, in A ABC and DEF, 

AB = DE, BC^EF, and CA = FD, 
To Prove A ABC = A DEF. 

VtwA. Place A DEF in the position ABF; side DE 
coinciding with its equal AB, and vertex J'' falling at F, on 
the opposite side of AB from C. 

Draw line CF'. 

By hyp., AC = AF' and BC = BF'. 

Whence, AB is ± to CF' at its middle point. 

[Two x)oint8, each equally distant from the extremities of a str. line, 
determine a ± at its middle point.] (§ 43) 

.-. ZBAC=^ZBAF', 

[If li^es be drawn to the extremities of a str. line from any point 
in the ± erected at its middle point, they make equal A with the ±.] 

(§ 44) 

Then since sides AB and AC and Z BAC of A ABC are 

equal, respectively, to sides AB and AF' and Z BAF' of 

A ABF', 

AABC=AABF'. 

[Two /^ are equal when two sides and the included Z of one are 
equal respectively to two sides and the included Z of the other.] 

That is, A ABC =^ A DEF. 
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Prop. XX. Theorem. 

73. (Converse of Prop. XIX.) If two straight lines are 
cut by a transversal, and the alternate-interior angles are equcUj 
the two lines are parallel. 




Oiven lines AB and CD cut by transversal EF at pointB 
O and Hj respectively, and 

ZAGH=ZGHD. 

To Prove AB II CD. 

Proof. If CD is not II AB, draw line KL through H II AB. 
Then since lis AB and KL are cut by transversal EFy 

ZAGH^ZGHL. 

[If two lis are cut by a transversal, the alt. int. A are equal.] (J 72) 

But by hyp., Z AGJB( = Z. GHD. 

.-. ZGRL^ZGHD, 

[Things which are equal to the same thing are equal to each other.] 

(Ax. 1) 
But this is impossible unless KL coincides with CD, 

.-. CDWAB, 

In like manner, it may be proved that if AB and CD are 
cut by EF, and Z BGH^ Z CHG, then AB II CD. 



18. If, in the figure of Prop. XIX.,^^(?-H'= 68°, how many 
degrees are there in BGH'f in QHD ? in DBF? 



^ 
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Prop. XXI. Theorem. 



74 If two parallels are cut by a transversal, the correspondr 
ing ayigles are equal. 




Oi?en lis AB and CD cut by transversal EF at points O 
and H, respectively. 

To Prove Z AGE = Z CHG. 

Proof. We have ZBGH=ZCHG, 

[If two lis are cut by a transversal, the alt. int. A are equal.] (§ 72) 

But, ZBGH=ZAGE. 

[If two Btr. lines intersect, the vertical A are equal.] (§ 40) 

.-. ZAGE = ZCHG. 

[Things which are equal to the same thing are equal to each 
other.] (Ax. 1) 

In like manner, we may prove 

Z AGH^Z CHF, Z BGE=Z DHG, and Z BGH=Z DBF. 

75. Cknr. L If two paraUds are cut by a trojisversal, the 
aUemate'exterior angles are equal. 

(Fig. of Prop. XXI.) 

Oiven lis AB and CD cut by transversal EF at points G 
and H, respectively. 

To Prove ZAGE = ZDHF, 

(Z BGH=: Z CHG, and the theorem follows by § 40.) 

What other two ext. A in the figure are equal ? 
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76. Cor. n. If two parallels are cut by a transversal, the 
sum of the interior angles on the same side of the transversal 
IS equal to two right angles. 

(Fig. of Prop. XXI.) 

Given lis AB and CD cut by transversal EF at points G 
and Hf respectively. 

To Prove Z AGH + Z CHG = two rt. A. 

(By § 32, /.AOH-{-/.AGE^two rt. A] the theorem 
follows by § 74.) 

What other two int. A in the figure have their sum equal 
to two rt. ^ ? 

X Prop. XXII. Theorem. 

77. (Converse of Prop. XXI.) If two straight lines are 
cut by a transversal, and the corresponding angles are equal, 
the two lines are parallel. 

/E 




Oiven lines AB and CD cut by transversal EF at points 
G and.iZ', respectively, and 

ZAGE^ZCHG. 
To Prove AB II CD, 

Proof. We have ZAGE=ZBGH. 

[If two str. Hues intersect, the vertical A are equal.] (§ 40) 

.-. ZBGR=ZCRG, 

[Things which are equal to the same thing are equal to each other.] 

(Ax.l) 
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.-. AB II CD. 

[If two str. lines are cut by a transversal, and the alt. int. A are 
equal, the two lines are II.] (§ 73) 

In like manner, it may be proved that if 
Z AGH=Z CHF, or Z BGE=Z DHG, or Z BGH=Z DHF, 
then AB II CD. 

78. Cor. I. (Converse of § 75.) If two straight lines 
are cut by a transversal, and the altemate-eocterior angles are 
equal, the two lines are parallel. 

(Fig. of Prop. XXII.) 

Given lines AB and CD cut by transversal EF at points 
G and IT, respectively, and 

Z AGE = Z DHF. 

To Prove AB II CD. 

(Z AGE = Z BGH, and Z DHF= Z CHG\ and the theo- 
rem follows by § 73.) 

What other two ext. A are there in the figure such that, 
if they are equal, ABWCD? 

79. Cor. n. (Converse of § 76.) If two straight lines 
are cut by a transversal, and the sum of the interior angles on 
the same side of the transversal is equal to two right angles, 
the two lines are parallel. 

(Fig. of Prop. XXII.) 

Given lines AB and CD cut by transversal EF at points 
G and H, respectively, and 

Z AGH-^ Z CHG = two rt. A. 

To Prove AB II CD. 

(Z CHG is the supplement of Z AGH, and also of Z GHD ; 
then AAGH and GHD are equal by § 31, 2, and the theo- 
rem follows by § 73.) 

What other two int. A are there in the figure such that, if 
their sum equals two rt. A, AB H CD ? 
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Prop. XXIII. Theorem. 
80l Tuoo parallel lines are everywhere equally dtstarU. 

A E^ F B 




Oiven lis AB and CD, E and F any two points on ABy 
and EG and FH lines ± CD. 

To Prove EG = FH (§ 47). 

Proof. Draw line FG. 

We have EG±AB. 

[A str. line ± to one of two lis is ± to the other.] (§ 66) 

Then, in rt. A EFG and FGH, 

FG = FG. 
And since lis AB and CD are cut by FG, 

ZEFG = ZFGff. 

[If two lis are cut by a transversal, the alt. int. A are equal.] (§ 72) 

.-. A EFG = A FGH. 

[Two rt. A are equal when the hypotenuse and an adj. Z of one are 
equal respectively to the hypotenuse and an adj. Z of the other.] (§ 70) 

.-. EG = FH. 

[In equal figures, the homologous parts are equal.] (§ 66) 



Prop. XXIV. Theorem. 

81. Two aiigles whose sides are parallel, each to each, are 
equal if both pairs of parallel sides extend in the same direc- 
tion, or in opposite directions, from their vertices. 

Note. The sides extend in the same direction if they are on the 
same side of a straight line joining the vertices, and in opposite direc- 
tions if they are on opposite sides of this line. 
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Oiven lines AB and BG || to lines DH and KF, respec- 
tively, intersecting at E, 

I. To Prove that A ABC and DEF, whose sides AB and 
DEj and also BC and EP, extend in the same direction 
from their vertices, are equal. 

Proof. Let BC and BH intersect at O, 
Since lis AB and PE are cut by J5(7, 

Z, ABC ^Z DOC 

[If two lis are cut by a transversal, the corresp. A are equal.] 

(§ 74) 
In like manner, since lis BO and EF are cut by DE, 

Z.DQC = ZDEF, 

.-. ZABC = ZDEF. (1) 

[Things which are equal to the same thing are equal to each other.] 

(Ax. 1) 

II. To Prove that A ABC and HEK, whose sides AB 
and ER, and also BC and EK, extend in opposite directions 
from their vertices, are equal. 

Proof. From(l), ZABC = ZDEF, 

But, ZDEF=ZHEK 

[If two str. lines intersect, the vertical A are equal.] (§ 40) 

.-. ZABC = ZHEK 

[Things which are equal to the same thing, are equal to each other.] 
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82. Cor. Two angles whose sides are parallel, each to eachj 
are supplenierUary if one pair of parallel 

sides extend in the same direction, and 
the other pair in opposite directions, from 
their vertices, 

Oiven lines AB and BG || to lines 
DH and KF, respectively, intersecting 
at J^. 

To Prove that A ABC and DEK, 

whose sides AB and DE extend in the same direction, and 
BG and EK in opposite directions, from their vertices, are 
supplementary. 

Proof. We have ZABG = ZDER 

[Two A whose sides are ||, each to each, are eqnal if both pairs of ll 
sides extend in the same direction from their vertices.] (§ 81) 

But Z DEF is the supplement of Z DEK. 

[If two adj. A have their ext. sides in the same str. line, they are 
supplementary.] (§ 33) 

Then its equal, Z ABG, is the supplement of Z DEK. 

Prop. XXV. Theorem. 

83. Two angles whose sides are perpendicular, each to ecuchj 
are either equal or supplementary. 




CF 




r 



E 



G 



Oiven lines AB and 5(7 ± to lines DE and FQ, respec- 
tively, intersecting at E. 

To Prove Z ABG equal to Z DEF, and supplementary to 
ZDEG. 
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Proof. Draw line ER± DE, and line EKA^ EF. 
Then since EH and AB are J. DE, 

EH II AB. 
[Two JLs to the same str. line are II.] (§ 54) 

In like manner^ since ^^and EG are ± EFf 

EK II EG. 

.-. Z HEK= Z ABG. 

[Two A whose sides are ||, each to each, are equal if both pairs of j| 
Bides extend in the same direction from their vertices.] (§ 81) 

But since, by cons., A DEH and FEE are rt. A, each of 
the A DEF and HEK is the complement of Z FEH. 

.-. ZDEF=ZHEK 

[The complements of equal A are equal.] (§ 31) 

.-. ZABG=ZDEF. 

[Things which are equal to the same thing are equal to each other.] 

(Ax. 1) 

Again, Z DEF is the supplement of Z DEO, 

[If two adj. A have their ext. sides in the same str. line, they are 
supplementary.] (§ 33) 

Then, its equal, Z ABG is the supplement of Z DEO. 

Note. The angles are equal if they are both acute or both obtuse ; 
and supplementary if one is acute and the other obtuse. 

EXERCISES. 

19. If, in the figure of Prop. XXIV., ZilBa= 50°, how many 
degrees are there in each of the angles formed about the point E ? 

20. The line passing through the vertex of an angle perpendicular 
to its bisector bisects the supplementary adjacent angle. 

(Fig. of Ex. 12. Let CE bisect AACD^ and suppose CF 1. CE ; 
Bum of AACD and BCD = 2 rt A; then sum of ADCE and 
JBC7Z> = lrt.Z; butsumof ^^DCJ^andDCi^isalso 1 rt. Z; whence 
the theorem follows.) 

21. Any side of a triangle is less than the half -sum of the sides of 
the triangle. 

(Fig. of Prop. XrV. We have AB<BC-\- CA; then add AB to 
both members of the inequality.) 
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Pbop. XXVIII. Theorem. 

91. If two triangles have two sides of one equal respectively 
to two sides of the other, but the included angle of the first 
greater than the included angle of the second, the third side 
of the first is greater than the third side of the second. 





Oiven, in A ABC and DEF, 

AB = DE, AC=DF, and ZBAG>ZD. 
To Prove BC>EF. 

Proof. Place A DEF in the position ABQ; side DE 
coinciding with its equal AB, and vertex F falling at O. 

Draw line AH bisecting Z QAC, and meeting BC at -ET; 
also, draw line GH. 

In A AGH and ACH, AH=z AH. 

Also, by hyp., AG = AG. 

And by cons., Z GAH = Z CAH. 

.'. AAGH=AACH 

[Two ^ are equal when two sides and the included Z of one are equal 
respectively to two sides and the included Z of the other.] (§ OS) 

.-. GH=CH 

[In equal figures, the homologous parts are equal.] (§ 66) 

Bnt, BH+GH>BG. 

[A str. line is the shortest line between two points.] (Ax. 4) 

Substituting for GH its equal CH,we have 

BH+CH>BG, or BC>EF. 
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Pbop. XXIX. Theorem. 

92. (Converse of Prop. XXVIII.) If two triangles have 
two sides of one equal respectively to two sides of the other, 
but the third side of the first greater than the third side of the 
second, the included angle of the first is greater than the 
included angle of the second. 





Given, in A ABC and DEF, 

AB = DE, AC = DF, and BC>EF. 
To Prove ZA>ZD. 

Proof. We know that ZAis either <, equal to, or > ZD. 
If we suppose ZA = ZD, A ABC would equal A DEF. 

[Two ^ are equal when two sides and the included Z of one are 
equal respectively to two sides and the included Z of the other.] (§ 63) 

Then, BC would equal EF. 

[In equal figures, the homologous parts are equal.] (§ dQ) 

Again, if we suppose ZA<ZD, BC would be < EF. 

[If two ^ have two sides of one equal respectively to two sides of 
the other, but the included Z of the first > the included Z of the 
second, the third side of the first is > the third side of the second.] 

(§01) 
But each of these conclusions is contrary to the hypothe- 
sis that BC is > EF, 
Then^ if Z -4 can be neither equal to ZD, nor <iZD, 

ZA>ZD. -/ 
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Peop. XXX. Theobem. 

93. In an isosceles triangle, the angles opposite the equal 
sides are equal. 



Oiven AC and BO the equal sides of isosceles A ABG. 
To Prove ZA = ZB. 

Proof. Draw line CD ± AB. 
In rt. A ACD and BCD, 

CD=CD. 
And by hyp., AC = BC 

.-. A ACD = A BCD. 

[Two rt. ^ are equal when the hypotenuse and a leg of one are 
equal respectively to the hypotenuse and a leg of the other.] (§ 90) 

,', /.A = ZB. 

[In equal figures, the homologous parts are equal.] (§ 66) 

94. Cor. I. From equal A ACD and BCD, we have 

AD = BD, and Z ACD = Z BCD ; hence, 

1. 77ie perpendicular from tJie vertex to the ba^e of an 
isosceles triangle bisects the base. 

2. The perpendicular from the vertex to the base of an 
isosceles triangle bisects the vertical angle. 

95. Cor. n. An equilateral triangle is also equianguJat. 

Prop. XXXI. Theorem. 

96. (Converse of Prop. XXX.) If two angles of a triangle 
are equal, the sides opposite are equal. 
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(Fig. of Prop. XXX.) 
Given, in A ABC, ZA = ZB. 

To Prove AC = BC 

(Prove A ACD = A BCD by § 89.) 

97. Cor. An equiangular triangle is also equilateral. 

EXERCISES. 

22. The angles A and B of a triangle ABC are 57° and 98° respec- 
tively ; how many degrees are there in the exterior angle at C ? 

23. How many degrees are there in each angle of an equiangular . 
triangle ? 

Prop. XXXII. Theorem. 

96L If tivo sides of a triangle are unequal, the angles oppo- 
site are unequal, and the greater angle lies opposite the greater 

side. 

A 




Given, in A ABC, AC > AB, 

To Prove ZABC>ZC. 

Proof. Take AD = AB, and draw line BD. 
Then, in isosceles A ABD, 

Z ABD = Z ADB. 

[In an isosceles A, the A opposite the equal sides are equal.] (§ 93) 

Now since Z ADB is an ext. Z of A BDC, 

Z ADB >Z,C 
[An ext. Z of a A is > either of tlie opposite int. A,"] (§ 85) 

Therefore, its equal, Z ABD,^ is > Z (7. 

Then, since Z AB(7 is > Z ABD, SindZABD>Z C, 

ZABC >ZC. 
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Prop. XXXIII. Theorem. 

99. (Converse of Prop. XXXII.) If two angles of a trir 
angle are unequal, the sides opposite are uneqiujU, and tJie 
greater side lies opposite the greater angle. 




Given, in A ABQ, Z ABC > Z. C. 

To Prove AC > AB. 

Proof. Draw line BD, making Z CBD = Z C7, and meet- 
ing AC at D, 

Then, in A BCD, BD = CD. 

[If two zl of a A are equal, the sides opposite are equal.] (§ 96) 

But, AD-\-BD> AB. 

[A str. line is the shortest line between two points.] (Ax. 4) 

Substituting for BD its equal CD, we have 

AD-\-CD> AB, or AC>AB. 

Prop. XXXIV. Theorem. 

100. If straight lines be drawn from a point fvithin a 
triangle to the extremities of any side, the angle included by 
them is greater than the angle indvded by the other two sides. 




Oiven D, any point within A ABC, and lines BD and CD. 
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To Prove ABI)G>AA, 

Proof. Produce BB to meet AC at B, 
Then, since Z BDC is an ext. Z of A (7Z>^, 

/.BDC>ZDEa 

[An ext. Z of a A is > either of the opposite int. AJ] (§ 85) 

In like manner, since Z DEG is an ext. Z of A AB^, 

Zi)js;(7>z^. 

Then, since Z JBDOis > Z Z>^(7, and Z DJ^O > Z ^, 

ZJBZ>C7>ZA 

Prop. XXXV. Theorem. 

KKL Any point in the bisector of an angle is equaJily distant 
from the sides of the angle. 

fA 




GKven P, any point in bisector BB of Z ABG, and lines 
PJf and PN 1. to AB and BGy respectively. 

To Prove PM = PN. 

Proof. In rt. A BPM and BPN, 

BP = BP. 

And by hyp., Z PBM= Z PJBiV: 

.-. ABPM=ABPK 

[Two rt. ^ are equal when the hypotenuse and an adj. /. of one are 

equal respectively to the hypotenuse and an adj. Z of the other.] 

(§70) 
.-. PM=PK 

[In equal figures, the homologous parts are equal.] C^% ^^ 
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Prop. XXXVI. Theobem. 

102. (Converse of Prop. XXXV.) Every point which is 
within an angUy and equally distant from its sides, lies in the 
bisector of the angle. 




Oiven point P within Z ABC, equally distant from sides 
AB and BC, and line BP. 

To Prove Z PBM = A PBN. 

(Prove A BPM = A BPN, by § 90 ; the theorem then 
follows by § 66.) 

EXERCISES. 

24. The angle at the vertex of an isosceles triangle ABC is equal 
to five-thirds the sum of the equal angles B and C How many degrees 
are there in each angle ? 

25. If from a point O in a straight, line AB lines OC and OD be 
drawn on opposite sides of AB, making ZAOG=^ Z.BOD, prove 
that OC and OD lie in the same straight line. 

(Fig. of Prop. IV. We have ZAOD + Z BOD =: 2 rt. A, and by 
hyip.,ZBOD=ZAOC.) v 

26. If the bisectors of two adjacent angles make 
an angle of 45° with each other, the angles are com- 
plementary. 

(Given OD and O^the bisectors of A AOB and 
BOC, respectively, and Z2>0^ = 45°; to prove 
A AOB and BOC complementary.) 

27. Prove Prop. XXX. by drawing CD to bisect Z^CB. (§ 63.) 

28. Prove Prop. XXX. by drawing CD to the middle point of AB. 

29. Prove Prop. XXXI. by drawing CD to bisect ZACB, (§ 68.) 
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QUADRILATERALS. 

DEFINITIONS. 

103b A quadrilateral is a portion of a plane bounded by 
four straight lines ; as ABCD. 

The bounding lines are called the sides 
of the quadrilateral, and their points of 
intersection the vertices. 

The angles of the quadrilateral are the 
angles included between the adjacent 
sides. b 

A diagonal is a straight line joining two opposite vertices ; 

104. A Trapezium is a quadrilateral no two of whose sides 
are parallel. 

A Tr(tpezoid is a quadrilateral two, and only two, of 
whose sides are parallel. 

A Parallelogram (JO) is a quadrilateral whose opposite 
sides are paralleL 





THtpeHum. Trapeeoid. Parallelogram. 

The hoses of a trapezoid are its parallel sides; the alti- 
t^ide is the perpendicular distance between them. 

If either pair of parallel sides of a parallelogram be 
taken and called the bases, the altitude corresponding to 
these bases is the perpendicular distance between them. 

105. A Rhomboid is a parallelogram whose angles are 
not right angles, and whose adjacent sides are unequal. 

A Rhombus is a parallelogram whose angles are not right 
angles, and whose adjacent sides are equal. 

A Rectan^ is a parallelogram whose angles are right 
angles. 
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A Square is a rectangle whose sides are equal. 



Rfumthoid, 




Bhambua. 



B€etangl€, 



Peop. XXXVII. Theorem. 

106. In any parallelogram^ 

I. The opposite sides are equal, 
II. The opposite angles are equal, * 

Bi * i — ^C 




Square. 



Given O ABCD. 

I. To Prove AB=CD and BC=AD. 

Proof. Draw diagonal AC. 

In A ABC and ACD, AC= AC. 

Again, since lis BC and AD are cut by AC, 

ZBCA = ZCAD. 

[If two lis are cut by a transversal, the alt. int. A are equal.] (§ 72) 

In like manner, since lis AB and CD are cut by AG^ 

ZBAC=ZACD. 

.-. AABC=::AACD. 

[Two A are equal when a side and two adj. A of one are equal 
respectively to a side and two adj. zi of the other.] (§ 68) 

.-. AB = CD and BC=AD, 

[In equal figures, the homologous parts are equal.] (§ 66) 

II. ToViOYe ZBAD = ZBCD BjiA ZB = ZD. 

Proof. We have AB II CD, and AD II CB; and ^IB and 
CD, and also AD and CB, extend in opposite directioma 
from A and C. 
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.-. Z BAD = Z BCD. 

[Two A whose sides are ||, each to each, are equal if both pairs of 
II sides extend in opposite directions from their vertices.] (§ 81) 

In like manner^ ZB = ZD, 

107. Cor. L PardUel lines included between parallel lines 
are equal, 

lOB. Cor. n. A diagonal of a parallelogram divides it 
into two equal triangles. 

Prop. XXXVIII. Theorem. 

109. (Converse of Prop. XXXVII, I.) If the opposite sides 
of a quadrilaleral are equal, the figure is a parallelogram. 





Oiven, in quadrilateral ABOD, 

AB = CD and BO = AD. 
To Prove ABCD a O. 
Proof. Draw diagonal AC. 
In A ABC and ACD, AC = AC. 
And by hyp., .4JB = (72> and BC = AD. 

.'. AABC = AACD. 

[Two Ai are equal when the three sides of one are equal respec- 
tively to the three sides of the other.] (§ 69) 

.-. Z BCA = Z CAD 2iJid Z BAC = Z ACD. 

[In equal figures, the homologous parts are equal.] (§ 66) 

Since Z BCA = Z CAD, BC II AD. 

[If two str. lines are cut by a transversal, and the alt. int. A are 
equal, the two lines are jj.] (§ 73) 

In like manner, since Z BAC = Z ACD, AB II CD. 
Then by del, ABCD is a O. 
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;. 30. If one angle of a parallelogram is 119^ how many degrees 
are there m each of the others ? 

Prop. XXXIX. Theorem. 

110. If two sides of a quadrilateral are equal and parcUlel, 
the figure is a parallelogram. 




\ 



Oiven^ in quadrilateral ABCD, BC equal and II to AD. 

To Prove ABGD a O. 

(Prove AABC=AAGD, by §63; then, the other two 
sides of the quadrilateral are equal, and the theorem follows 
by § 109.) 

Prop. XL. Theorem. 
111. The diagonals of a parallelogram bisect each other. 




Oiven diagonals AC and BD of CJ ABGD intersecting 
at^. 

To Prove AE = EG and BE = ED. 

(Prove A AED = A BEG, by § 68.) 

Note. The point E is called the centre of the parallelogram. 



Prop. XLI. Theorem.* 



^ 



112. (Converse of Prop. XL.) If the diagonals gf a 
quadrilateral bisect each other^ the figure is a paraUeloffram. 
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(Fig. of Prop. XL.) 

Oiven AC and BD, the diagonals of quadrilateral ABCD, 
bisecting each other at E. 

To Prove ABCD a O. 

(Prove A AED = A BEC, by § 63; then AD = BC; in 
like manner, AB= CD, and the theorem follows by § 109.) 

Prop. XLII. Theorem. 

113. Two paraUelograms are equal when two adjacent sides 
and the included angle of one are equal respectively to two 
adjacent sides and the included angle of the other. 







G 



Given, in ZI7 ABCD and EFGH, 

AB = EF,AD = EH, BJidZA = ZE. 
To Prove O ABCD = O EFGH. 

Proof. Superpose CJ ABCD upon CJ EFGH in such a 
way that Z A shall coincide with its equal Z E ; side AB 
falling on side EF, and side AD on side EH 

Then since AB=EF and AD = EH, point B will fall on 
point F, and point D on point H 

Now since BC II ^i> and FG II ^iJ, side 5C wUl fall on 
side FG, and point C will fall somewhere on FG. 

[But one str. line can be drawn through a given point || to a given 
str. line.] (§ 53) 

In like manner, side DC will fall on side HG, and point 
C will fall somewhere on HG. 

Then point C, falling at the same time on FG and HG, 
must fall at their intersection G. 

Hence, the HJ coincide throughout, and are equal. 
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114. Cor. Tico rectangles are equal if the boM and aUi^ 
tude of one are equal respectively to the base a'iid altitude of 
the other. 

Prop. XLIII. Theorem. 

115. The diagonals of a rectangle are equaL 

B^ ^O 




Given AC and BD the diagonals of rect. ABCD. 

To Prove AC = BD. 

(Prove rt. A ABD = rt. A ACD, by § 63.) 

116. Cor. The diagonals of a square are equal. 

Prop. XLIV. Theorem. 

117. The diagonals of a rhombus bisect each other at right 
angles. ^^^^ ^^ 




(AC and BD bisect each other at rt. ii by § 43.) 

EXERCISES. 

31. The bisector of the vertical angle of an isosceles triangle 
bisects the base at right angles. 

(Fig. of Prop. XXX. In equal k^ ACD and JBCA we have 
/.ADC=/.BDC\ then CD±AB by §24.) 

32. The line joining the vertex of an isosceles triangle to the 
middle point of the base, is perpendicular to the base, and bisects the 
vertical angle. 

(Fig. of Prop. XXX. Prove CD ± JLB as in Ex. 31.) 

33. If one angle of a parallelogram is a right angle, the figure is a 
rectangle. " 
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POLYGMDNS. 

DEFINITIONS. 

118. A polygon is a portion of a plane bounded by three 
or more straight lines ; as ABODE. 

The bounding lines are called the 
sides of the polygon, and their sum is 
called the perimeter. 

The angles of the polygon are the 
angles EAB, ABC, etc., included be- 
tween the adjacent sides ; and their vertices are called the 
vertices of the polygon. 

A diagonal of a polygon is a straight line joining any two 
vertices which are not consecutive ; as AC. 

119. Polygons are classified with reference to the number 
of their sides, as follows : 




No. OF 
Sn>s8. 


DmOKATION. 


No. OF 
Sides. 


Dksionatiok. 


3 
4 
5 
6 
-7- 


Triangle. 

Qnadrilateral. 

Pentagon. 

Hexagon. 

Heptagon. 


8 

% 

10 

11 

12 


Octagon. 

Enneagon. 

Decagon. 

Hendecagon. 

Dodecagon. 



120. An equikUeral polygon is a polygon all of whose 
sides are equal. 

An equiangular polygon is a polygon all of whose angles 
are equaL 



A polygon is called convex when 
no side, if produced, will enter the surface 
enclosed by the perimeter ; as ABCDE. 
It is evident that, in such a case, each 
angle of the polygon is less than two 
right angles. 
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All polygons considered hereafter will be understOv^J w> 
be convex, unless the contrary is stated. 

A polygon is called concave when at least two of its sides> 
if produced, will enter the surface enclosed Gl 
by the perimeter ; 3,s FGHIK l\sy\ 

It is evident that, in such a case, at least / \ 

one angle of the polygon is greater than [ \ 

two right angles. ' K 

Thus, in polygon FGHIK, the interior angle GHI is 
greater than two right angles. 

Such an angle is called re-entra7U, 





Two polygons are said to be mutwotUy equilateral 
when the sides of one are ^z 

equal respectively to the 
sides of the other, when 
taken in the same order. 

Thus, polygons ABCD "^ ^^ 

and A'B'Cn are mutually equilateral if 

AB = A'B', BC==B'a, CD=:OD\ and DA^D'A^ 

Two polygons are said to be mutuaUy equiangular when 
the angles of one are equal ^ q* 

respectively to the angles of ^ 

the other when taken in the F 
same order. 

Thus, polygons EFGH and E 







H E^ Wh' 



E'F'G'H' are mutually equiangular if 
ZE=ZE', ZF=ZF, ZG = ZG\ and Z^=ZJy'. 



In polygons which are mutually equilateral or 
mutually equiangular, sides or angles which are similarly 
placed are called homologous. 

In mutually equiangular polygons, the sides included 
between equal angles are homologous. 

124. If two triangles are mutually equilateral^ they are 
also mutually equiangular (§ 69). 
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But with this exception, two polygons may be mutually 
equilateral without being mutually equiangular, or mutually 
equiangular without being mutually equilateral. 

If two polygons are both mutually equilateral and mutually 
equiangular, they are equal. 

For they can evidently be applied one to the other so as 
to coincide throughout. 



Two polygons are equal when they are composed of the 
same number of triangles, equal each to each, and similarly 
placed. 

For they can evidently be applied one to the other so as 
to coincide throughout. 

Prop. XLV. Theorem. 

126. The sum of the angles of any polygon is equal to two 
right angles taken as many times, less two, as the polygon has 
sides. 



Given a polygon of n sides. 

To Prove the sum of its A equal to n — 2 times two rt. A. 

Proof. The polygon may be divided into n — 2 A by 
drawing diagonals from one of its vertices. 

The sum of the A of the polygon is equal to the sum of 
the A of the A. 

But the sum of the A of each A is two rt. A. 

[The sum of the d of any A is equal to two rt. <4.] (§ 84) 

Hence, the sum of the A of the polygon is n — 2 times 
two rt. A. 
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127. Cor. L The sum of the angles of any polygon is equal 
to twice as many right angles as the polygon has sides, less 
four right angles. 

For if R represents a rt. Z, and n the number of sides of 
a polygon, the sum of its A is (?i — 2) x 2 22, or 2 nR — 4 iJ. 

128. Cor. n. Hie sum of the angles of a quadrilateral is 
equal to four right angles; of a pentagon, six right angles; of 
a hexagon, eight right angles; etc. 

Prop. XLVI. Theorem. 

129. If the sides of any polygon be produced so as to make 
an exterior angle at each vertex, the sum of these exterior 
angles is equxil to four right angles. 




GKven a polygon of n sides with its sides produced so as 
to make an ext. Z at each vertex. 

To Prove the sum of these ext. A equal to 4 rt. A 

Proof. The sum of the ext. and int. A at any one vertex 
is two rt. A, 

[If two adj. A have their ext. sides in the same str. Une, their sum 
is equal to two rt. A."] (§ 82) 

Hence, the sum of all the ext. and int. ^ is 2 n rt. A 
But the sum of the int. A alone is 2 n rt. /i — 4 rt. A 

[The sum of the A of any polygon is equal to twice as many rt. A 
as the polygon has sides, less 4 rt. ii.] (§ 127) 

Whence, the sum of the ext. ^ is 4 rt. ^ 



RECTILINEAR FIGURES. 



6T 




EXERCISES. 

34. How many degrees are there in each angle of an eqtiiangnlar 
hexagon? of an equiangular octagon? of an equiangular decagon? 
of an. equiangular dodecagon ? 

35. How many degrees are there in the exterior angle at eadi 
vertex of an equiangular pentagon ? 

^6. If two angles of a quadrilateral are supplementary, the other 
two angles are supplementary. 

37. If , in a triangle ABC, ZA =ZB, a line par- 
allel to AB makes equal angles with sides AC and 
BC. 

(To prove Z CDS = Z CED.) 

38. If the equal sides of an isosceles triangle be 
produced, the exterior angles made with the base 
are equal. (§ 31, 2.) ^ 

d/ \e 

39. If the perpendicular from the vertex to the base of a triangle 
bisects the base, the triangle is isosceles. 

(Fig. of Prop. XXX. 6^ ACD and BCD are equal by § 63.) 

40. The bisectors of the equal angles of an isosceles 
triangle form, with the base, another isosceles triangle. 

41. If from any point in the base of an isosceles tri- 
angle perpendiculars to the equal sides be drawn, they 
make equal angles with the base. E 

{ZADE = ZBDF, by § 31, 1.) ^ 

42. If the angles adjacent to one base of a 
trapezoid are equal, those adjacent to the other 
base are also equaL 

(Given ZA = ZD; to prove ZB = Z C.) 

43. Either exterior angle at the base of an isos- 
celes triangle is equal to the sum of a right angle 
and one-half the vertical angle. 

(ZDAE'iBZJieijX, Zot A ACD.) 
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44. The straight lines bisecting the equal angles 
of an isosceles triangle, and terminating in the oppo- 
site sides, are equal. 

it, ABD :=^ i\ ABE.) 

'\45. Two isosceles triangles are equal when the base and vertical 
angle of one are equal respectively to the base and vertical angle of 
the other. 

(Each of the remaining A of one A is equal to each of the remain- 
ing A of the other.) 

'^w. If two parallels are cut by a transversal, ^ 
the bisectors of the four interior angles form a 
rectangle. H 

{EH\\ FQ, by § 73 ; in like manner, EF \\QH; q 
then use Exs. 12 and 33.) 

^VL Prove Prop. XXVI. by drawing through 
B si line parallel to AC> 
(Sum of 4 at ^ = 2 rt. A,) 



® 




MISCELLANEOUS THEOREMS. 
N' Prop. XL VII. Theorem. 



/ 

130. 7%e line joining the middle points of two sides of a 
triangle is parallel to the third side, and eqwd to one-half 
of it. 




Oiven line DE joining middle points of sides AB and 
AC, respectively, of A ABC. 

To Prove DE II BC, and DE = ^BC. 

Fropf. Dr^w line BF II AC^ meeting ED produced at JT, 



RECTILDCEAR FIGUBES. 59 

In A ADE and BDFy 

Z ADE = Z BDR 

[If two sir. lines intersect, the vertical A are eqoaL] (§ 40) 

Also, since !!» AC and BF are cut by AB, 

ZA = Z DBF. 

[If two lis are cut by a transversal, the alt. int A are eqoaL] (§ 72) 

And by hyp., AD = BD. 

.-. AADE = ABDF 

[Two li are equal when a side and two adj. A of one are equal re- 
spectively to a side and two adj. A of the other.] (§ 68) 

.-. DE = DF snd AE = BF. 

[In equal figures, the homologous parts are equal] (§ 66) 

Then since, by hyp., AE = EC, BF is equal and II to CE. 

Whence, BCEF is a £7. 

[If two sides of a quadrilateral are equal and 11, the figure is a O.] 

(§ 110) 
.-. DEWBC. 

Again, since DE = DF, 

DE = \FE = \BC 

[In any O, the opposite sides are equal.] (§ 106) 

' 131. Cor. The line which bisects one side of a triangle, 
and is parallel to another side, bisects also 
the third side. 

Oiven, in A ABC, D the middle point 
of side AB, and line DE II BC 

To Prove that DE bisects AC. 

Proof. A line joining 2> to the middle B 

point of AC wUl be It BC 

[The line joining the middle points of two sides of a A is || to the 
third side.] (§ 130) 

Then this line will coincide with DE. 

[But one str. line can be drawn through a given point II to a given 
Btr. Une.] • (§53) 

Therefore, DE bisects AC. 




1 



I 

1 

j PLANE GEOMETRY.— BOOK L 



Prop. XLVIII. Theorem. 

132. 77ie line joining tJie middle points of the non-parallei 
sides of a trapezoid is parallel to the bases, and equal to owe- 
half their sum. 




^•^ y 



Q- 




Oiven line EF joining middle points of non-II sides AB 
and CD, respectively, of trapezoid ABCD, 

To Prove EF II to AD and BO, and EF=:^(AD + BO). 

Proof. If EF is not II to AD and BC, draw line EK 
II to AD and BC, meeting CD at K-, and draw line BD in- 
tersecting EF at G, and EK at H, * 

In AABD, EH is II AD and bisects AB; then it bisects 

BD. 

[The line which bisects one side of a A, and is || to another side, 
biisects also the third side.] (§ 131) 

In like manner, in ABCD, HK is II BC and bisects BD\ 
then it bisects CD. 

But this is impossible unless EK coincides with EF. 

[But one str. line can be drawn between two points.] (Ax. 8) 

Hence, EF is II to AD and BC. 

Again, since EG coincides with EH, and EH bisects AB 

^n^BD, EG = \AD. (1) 

[The line joining the middle points of two sides of a A is equal to 
one-half the third side.] (§ 130) 

In like manner, since GF bisects BD and CD, 

GF=iBC (2) 

Adding (1) and (2), 

EG-{'GF=iAD-{-iBa 
Or, EF=i(AD + BC). 
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133. Cor. 77ie line tchich is parallel to the bases of a trap- 
ezoidj and bisects one of the non-parallel sides, bisects the other 
also. 

Prop. XLIX. Theorem. 

134: JTie bisectors of the angles of a triangle intersect cU 
a common point. 

C 




Given lines AD, BE, and OF bisecting AA, B, and C, 
respectively, of A ABC. 

To Prove that AD, BE, and CF intersect at a common 
point. 

Proof. Let AD and BE intersect at O. 

Since O is in bisector AD, it is equally distant from sides 
AB and AO. 

[Any point in the bisector of an Z is equally distant from the sides 
of the Z.] (§ 101) 

In like manner, since O is in bisector BE, it is equally 
distant from sides AB and BC. 

Then O is equally distant from sides AC and BC, and 
therefore lies in bisector CF. 

[Every point which is within an Z, and equally distant from its 
sides, lies in the bisector of the Z.] (§ 102) 

Hence, AD, BE, and CF intersect at the common point 0. 



Cor. The point of intersection of the bisectors of 
the angles of a triangle is equally distant from the sides of 
the triangle. 
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Pbof. L. Theobbm. 

I Tlie perpendiculars erected at the middle points of ike 
mdes of a trUmyle irUeruect at a common point. 




DO, EH, and FK the Jft erected at middle i)oiiit8 D, 
JtJf and /', of sides BC, CA, and AB, respectively, of A ABC. 

To Prove that UG, EH, and FK intersect at a common 
point. 

(L«t JJ(J and EH intersect at 0; by § 41, O is equally 
distant from B and C; it is also equally distant from A 
and Of the theorem follows by § 42.) 

137. Cor. Tlui point of intersection of the perpendiculars 
erected at tfte middle points of the sides of a triangle, is equally j 
distant from tlie vertices of the triangle. , 






- N 



EXERCISES. 

48. If the diagonals of a parallelogram are equal, the fgnre is a 
rectangle. 

(Fig. of Prop. XLIII. ^ ABD and ACD are equal, and therefore 
/I BA D-=^/L AD C ; also, these J are Bui)plementary 

(My If two adjacent sides of a quadrilateral are 
eqiixf, and the diagonal bisects their included angle, 
the other two sides are equal. 

(Given AH ^ AD, and AC bisecting Z BAD\ to 
prove B(J == <JD.) 

%ll) The bisectors of the interior angles of a / \ p 
parallelogram form a rectangle. / ^c^^'OCg 

CB/ Ex. 46, each /, of EFQH^e art Z.) 
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Prop. Lly Theorem. 

The perpendiculars from the vertices of a triangle to 
tlie opposite sides itUersect cU a common point 




Oiven AD, BE, and CF the Js from the vertices of A ABC 
to the opposite sides. 

To Prove that AD, BE, and CF intersect at a common 
point. 

Proof. Through A, B, and C, draw lines HK, KG, and 
GH II to BC, CA, and AB, respectively, forming A GHK. 
Then AD, being ± BC, is also ± HK. 

[A stx. line J. to one of two lis is J. to the other.] (§ 66) 

Now since, by cons., J^ClTand ACBKsxe UJ, 

AH^ BC and AK^ BC 
[In any O, the opposite sides are equal.] (§ 106) 

.-. AH^AK 

[Things which are equal to the same thing, are equal to each other.] 

(Ax. 1) 

Then AD is ± HK at the middle point of HK 
In like manner, BE and CF are ± to KG and GH, respec- 
tively, at their middle points. 

Then, AD, BE, and CF being ± to the sides of A GHK 
at their middle points, intersect at a common point. 

[The ± erected at the middle points of the sides of a A intersect 
at a common point] (§ 136) 



\ 

\ 
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139. Def. A median of a triangle is a line drawn .from 
any vertex to the middle point of the opposite side. 

Pbop.i'LII.. Theobem. 

140. The medians of a triangle intersect at a common pointy 
which lies two-thirds the way from each vertex to the middle 
point of the opposite side. 



C 




Given AD, BE, and CF the medians of A ABC, 

To Prove that AD, BE, and CF intersect at a common 
point, which lies two-thirds the way from each vertex to the 
middle point of the opposite side. 

Proof. Let AD and BE intersect at 0. 
Let G and H be the middle points of OA and OB, respec- 
tively, and draw lines ED, GH) EG, and DH, 
Since ED bisects AC and BC, 

ED\\AB^.ndi=^\AB. 

[The line joining the middle points of two sides of a A is || to the 
third side, and equal to one-half of it.] (§ 130) 

In like manner, since GH bisects OA and OB, 

G^fi' IIJ^ and = ^ AB. 

Then ED and GH are equal and II. 

[Things whicK^ equal to the same thing, are equal to each other.] 

!!► (Ax. 1) 

[Two str. lines jl to the same str. line are || to each other.] (§ 56) 

Therefore, EDHG is a O. 

[If two sides of a quadrilateral are equal and ||, the figure is a O.] 

(8 110) 
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Then OD and EH bisect each other at O. 

[The diagonals of a O bisect each other. ] (§ 111) 

But by hyp., G is the middle point of OA, and H of OB, 

.'. AG=OG= OD, and BH= 0H=: OE, 

That is, AD and BE intersect at a point which lies 
two-thirds the way from ^ to Z>, and from BU> E, 

In like manner, AD and CF intersect at a point which 
lies two-thirds the way from Ato D, and from CtoF. 

Hence, AD, BE, and CF intersect at the common point 
Of which lies two-thirds the way from each vertex to the 
middle point of the opposite side. 

LOCL 

141. Bef. If a series of points, all of which satisfy a 
certain condition, lie in a certain line, and every point in 
this line satisfies the given condition, the line is said to be 
the Uxnis of the points. 

For example, every point which satisfies the condition of 
being equally distant from the extremities of a straight line, 
lies in the perpendicular erected at the middle point of the 
line (§ 42). 

Also, every point in the perpendicular erected at the 
middle point of a line satisfies the condition of being 
equally distant from the extremities of the line (§ 41). 

Hence, tJie perpendicular erected at the middle point of a 
straight line is the Locus of points which are equally di^ant 
from the extremities of the line. 

Again, every point which satisfies the condition of being 
within an angle, and equally distant from its sides, lies in 
the bisector of the angle (§ 102). 

Also, every point in the bisector of an angle satisfies the 
condition of being equally distant from its sides (§ 101). 

Hence, the bisector of an angle is the locus of points which 
are loi^in the angle, and equaUy distant from its sides. 



vj» 




K^. 
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EXERCISES. 

51. Two straight lines are parallel if any two points of either 
are equally distant from the other. 

(Prove by Beductio ad Ahsurdum,) 

52. What is the locus of points at a given distance from a given 
straight line ? (Ex.61.) 

53. What is the locus of points equally distant from a pair of 
intersecting straight lines ? 

54. What is the locus of points equally distant from a pair of 
parallel straight lines ? 

55. The bisectors of the interior angles of a 
trapezoid form a quadrilateral, two of whose 
angles are right angles. (Ex. 46.) 

56. If the angles at the base of a trapezoid B^ 
are equal, the non-parallel sides are also equal. 

(Given Z-4. = / D ; to prqve AB = CD, Draw 
BEWGD,) A' g- 

57. If the non-parallel sides of a trapezoid are equal, the angles 
which they make with the bases are equal. 

(Fig. of Ex. 66. Given AB= CD; to prove ZA=sZDjKnd also 
Z ABC = Z (7. Draw BE II CD,) 

58. The perpendiculars from the extremities of 

the base of an isosceles triangle to the opposite sides 

are equal. 

A/ 

59. If the perpendiculars from the extremities of the base of a 
triangle to the opposite sides are equal, the trian^e is isosceles. 

(Converse of Ex. 68. Prove A ACD = A BCK) 

60. The angle between the bisectors of the equal 
angles of an isosceles triangle is equal to the exte- 
rior angle at the base of the triangle. 

(Z ADB = 180° - (/ BAD + ^ ABD),) 

61. If a line joining two parallels be bisected, 
any line drawn through the point of bisection 
and included between the parallels will be bisected 
at the point. 

(To piove that QHia bisected at 0.) 
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62. If through a point midway between two 
parallels two transversals be drawn, they inter- 
cept equal portions of the parallels. 

(Draw 0K± AB, and produce KO to meet CD ^ f 
at L, Then A OGK = A OHL.) "7 



63. If perpendiculars BE and DF be drawn 
from vertices B and D of parallelogram ABCD 
to the diagonjd -4.(7, prove BE = DF, (§ 70.) 





64. The lines joining the middle points of the 
sides of a triangle divide it into four equal trian- F 
gles. (§ 130.) 



B 




65. If from any point in the base of an isosceles 
triangle parallels to the equal sides be drawn, the 
perimeter of the parallelogram formed is equal to the 
sum of the equal sides of the triapgle. (§ 96.) A 




66. The bisector of the exterior angle at the ver- 
tex of an isosceles triangle is parallel to the base. 
(§ 86, 1.) 



67. The medians drawn from the extremities of 
tlie base of an isosceles triangle are equal. 



68. If from the vertex of one of the equal angles 
of an isosceles triangle a perpendicular be drawn to 
the opposite side, it makes with the base an angle 
equal to one-half the vertical angle of the triangle. 

(To prove /. BAD = \/LC.) 



69. If the exterior angles at the vertices A 
and B of triangle ABC are bisected by lines 
which meet at 2>, prove 

Z.ADB = W)P-\C, 

{Z.ADB = im'-i^BAD + Z^IBD).) E 
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70. The diagonals of a rhombus bisect its angles. 
(Fig. of Prop. XLIV.) 

71. If from any point in the bisector of an angle 
a parallel to one of the sides be drawn, the bisector, 
the parallel, and the remaining side form an isosceles 
triangle. 




72. If the bisectors of the equal angles of an isos- 
celes triangle meet the equal sides at D and E, prove 
DE parallel to the base of the triangle. 

(Prove A CED isosceles.) ^ 

73. If at any point D in one of the equal sides 
AB of isosceles triangle ABC^ DE be drawn per- 
pendicular to base BC meeting CA produced at E^ 
prove triangle ADE isosceles. 

74. From (7, one of the extremities of the base 
BC ot isosceles triangle ABC, a line is drawn meet- 
ing BA produced at 2), making AD = AB, Prove 
CD perpendicular to BC, (§ 84.) 

(A ACD is isosceles.) 



75. If the non-parallel sides of a trapezoid 
are equal, its diagonals are also equal. (Ex. 57.) 







76. If ADC is a re-entrant angle of quadrilateral 
ABCD, prove that angle ADC, exterior to the fig- 
ure, is equal to the sum of interior angles A^ B, 
and C. (§ 128. ) B 

77. If a diagonal of a quadrilateral bisects two 
of its angles, it is perpendicular to the other diagonal. 

(Prove ACJL DB, by § 43.) 



78. In a quadrilateral ABCD, angles ABD 
and CAD are equal to ACD and BDA, respec- 
tively ; prove 50 parallel to AD, 

(Prove AB = CD ; then prove BE = CF,) 





79. State and prove the converse of Prop. XLIV. ({ il, I) 
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80. State and prove the converse of Ex.66, p. 67. (§ 96.) 

A 

81. The bisectors of the exterior angles at two 
vertices of a triangle, and the bisector of the inte- 
rior angle at the third vertex meet at a common 
point. 

(Prove as in § 134.) 

82. ABCD is a trapezoid whose parallel sides 
AD and BC are perpendicular to CD. If ^ is 
the middle point of AB^ prove EC= ED. (§ 41 , 1.) 

(Draw EF \\ AD.) 

8d. The middle point of the hypotenuse of a 
rifcht triangle is equally distant from the vertices 
of the triangle. 

(To prove AD=BD= CD. Draw DE \\ BC.) 

84. The bisectors of the angles of a rectangle ^ 
form a square. 

(By Ex. 60, EFOH is a rectangle. Now prove 
AF = BH Biid AE = BE.) A 

85. If D is the middle point of side BC of 
triangle ABC, and BE and CF are perpendiculars 
from B and C to AD, produced if necessary, prove 
BE = CF. B 

86. The an^e at the vertex of isosceles triangle 
ABC is equal to tvdce the sum of the equal angles 
B and C. If CD be drawn perpendicular to BC^ 
meeting BA produced at D, prove triangle ACD 
equilateral. 

(Prove each Z of A ACD equal to 60°.) 

87. If angle B of triangle ABC hi greater than angle C, and BD 
be drawn to AC making AD = AB, prove 

^ADB^iCB-^ C), and/a5Z) = J(-»- C). 
(Fig. d Prop. XXXII.) 

88. How many sides are there in the polygon the sum of whose 
interior an^es exceeds the sum of its exterior angles by 640° ? 
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89. The sam of the lines drawn from any point 

* 

Witliin a triangle to the vertices is greater than the 
half-sum of the three sides. 

(Apply § 61 to each of the /^ABD, ACD, and 

nro.) 

90. The sum of the lines drawn from any point within a triangle 
to the vertices is less than the sum of the three sides. (§ 48. ) 

(Fig. of Ex. 89.) 

91. If D, E, and i^are points on the sides AB, 
BCy and CAj respectively, of equilateral triangle 
ABC, such that AD = BE = CF, prove DEF an 
equilateral triangle. 

(¥to\q ^ADF, BDE, and C-fi^J^ equal.) 

92. If E, F, 6r, and H are points on the 
sides AB, BC, CD, and DA, respectively, of 
parallelogram ABCD, such that AE=z CG and 
BF = DH, prove EFGH a parallelogram. 

93. If E, F, G, and H are points on sides AB, 
BC, CD, and DA, respectively, of square ABCD, 
such that AE = BF = CG = DH, prove EFGH a 
square. 

(First prove EFGH equilateral. Then prove 
/.FEH=W,) 

94. If on the diagonal BD of square ABCD a 
distance BE be taken equal to AB, and EFhQ drawn 
perpendicular to BD, meeting AD at F, prove that 
AF=EF=^ED, 

95. Prove the theorem of § 127 by drawing lines 
from any point within the polygon to the vertices. 
(§36.) 

96. If CD is the perpendicular from the ver- 
tex of the right angle to the h3rpotenuse of right 
triangle ABC, and CE the bisector of angle C, 
meeting AB at E, prove /.DCE equal to one-half 
the difference of angles A and B. 

(To prove /. DCE = \{/:A- /LB).) 

97. State and prove the converse of Ex. 70, p. 68. 
(Fig. of Prop. XLIV. Prove the sides all equal.) 
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98. State and prove the converse of Ex. 75, p. 68. 
(Fig. of Ex. 78. Prove ^ ^CF and BDE equal.) 

99. D \a any point in base BC of isosceles 
triangle ABC. The side AC is produced from C to 
U, so that CE = CD, and DE is drawn meeting AB 
a,t F, FroveZAFE = SZASF. 

(ZAFE is an ext. Z of A BFD.) 

100. If ABC and ABD are two triangles 
on the same base and on the same side of it, 
such that AC = BD and AD = BC, and AD 
and BC intersect at 0, prove triangle OAB 
isosceles. 

101. If 2> 18 the middle point of side AC of equi- 
lateral triangle ABC, and DE be drawn perpen- 
dicular to BC, prove EC = J BC, 

(Draw DF to the middle point of BC.) 

102. If in parallelogram ABCD, E and F 
are the middle points of sides BC and AD, re- 
spectively, prove that lines AE and CF trisect 
diagonal BD. 

(By § 131, -4^ bisects BH, and CJ^ bisects DG.) 

103. If CD is the perpendicular from C to the 
hypotenuse of right triangle ABC, and E is the 
middle point of AB, prove /.DCE equal to 
the difference of angles A and B, (Ex. 83.) 

104. If one aoute angle of a right triangle is double the other, the 
hypotenuse is double the shorter leg. 

(Fig. of Ex. 86. Draw CA to middle point of BD.) 

105. If -4(7 be drawn from the vertex of the right angle to the 
hypotenuse of right triangle BCD so as to make Z ACD = /.D, it 
bisects the hypotenuse. 

(Fig. of Ex. 74. Prove A ABC isosceles.) 



106. If 2> is the middle point of side BC of 
triangle ABC, prove AD>l(^AB -\^ AC - BC), 
(§62.) 



Nota. For additional exercises on Book I., see p. 220, 







Book IL 

THE CIRCLE. 

DEFINITIONS. 

142. A circle (O) is a portion of a plane bounded by a 
curve called a circumference^ all points 

of which are equally distant from a 
point within, called the centre; as 
ABCD. 

An arc is any portion of the circum- 
ference ; as AB. 

A radius is a straight line drawn 
from the centre to the circumference; 
as OA. 

A diameter is a straight line drawn through the centre, 
having its extremities in the circumference ; as AG. 

143. It follows from the definition of § 142 that 

All radii of a circle are eqvxd. 

Also, all its diameters are equal, since each is the sum of 
two radii. 

144. Two circles are equal when their radii are equal. 

For they can evidently be applied one to the other so that 
their circumferences shall coincide throughout. 

145. Conversely, the radii of equal circles are equal. 

146. A semi-circumference is an arc equal to one-half the 
circumference. 

A quadrant is an arc equal to one-fourth the circumference. 

Concentric circles are circles having the same centre. 
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147. A choird is a straight line joining the extremities of 
an arc ; as AB, 

The arc is said to be subtended by its 
chord. 

Every chord subtends two arcs; thus 
chord AB subtends arcs AMB and 
ACDB, 

When the arc subtended by a chord is 
spoken of^ that arc which is less than a 
semi-circumference is understood, tinless the contrary is 
specified. 

A segment of a circle is the portion included between an 
arc and its chord ; as AMBN, 

A semicircle is a segment equal to one-half the circle. 

A sector of a circle is the portion included between an arc 
and the radii drawn to its extremities; as OCD. 

148. A centrcU angle is an angle whose vertex is at the 
centre, and whose sides are radii ; as AOC, 

An inscribed angle is an angle whose ver- 
tex is on the circumference, and whose 
sides are chords; as ABC. 

An angle is said to be inscribed in a 
segment when its vertex is on the arc of 
the segment, and its sides pass through the 
extremities of the subtending chord. 

Thus, angle B is inscribed in segment ABC. 

149. A straight line is said to be tangent to, or touch, a 
circle when it has but one point in com- 
mon with the circumference ; as AB. 

In such a case, the circle is said to 
be tangent to the straight line. ' ^T^i> 

The common point is called the 
poitU of contact, or point of tangency. 

A secant is a straight line which 
intersects the circumference in two points ; as CD. 
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10Ol Two circles are said to be tangent to each other when 
they are both tangent to the same straight line at the same 
point. 

They are said to be tangent internally or externally accord- 
ing as one circle lies entirely within or entirely without the 
other. 

A common tangent to two circles is a straight line which 
is tangent to both of them. 



151. A polygon is said to be inscribed 

in a circle when all its vertices lie on the 
circumference ; as ABGD, 

In such a case, the circle is said to be 
circumBcrihed about the polygon. 

A polygon is said to be inscriptible 
when it can be inscribed in a circle. 

A polygon is said to be circumscribed 
about a circle when all its sides are tan- 
gent to the circle ; as EFGH, 

In such a case, the circle is said to be 
inscribed in the polygon. 




Prop. I. Throrbm. 



152. Every diameter bisects the circle and iits {ircumferencs. 




Given AC a diameter of O ABGD. 

To Prove that AG bisects the O^ and its circumferenoe. 
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Proof. Superpose segment ABC upon segment ADC, by 
folding it over about AC as an axis. 

Then, arc ABC will coincide with arc ADC; for other- 
wise there would be points of the circumference unequally 
distant from the centre. 

Hence, segments ABC and ADC coincide throughout, 
and are equal. 

Therefore, AC bisects the O, and its circumference. 

Pbop. II. Theorem. 

lS3i A straight line cannot intersect a circumference at 
more than two points. 





/ \ 



\ 



MA B C a 

Oiven the centre of a O, and MN any str. line. 

To Prove that MN cannot intersect the circumference 
at more than two points. 

Proof. If possible, let MN intersect the circumference 
at three points, A, B, and (7; draw radii OJ., OB, and 0(7. 

Then, OA^OB^ OC. (§ 143) 

We should then have three equal str. lines drawn from 
a point to a str. line. 

But this is impossible ; for it follows from § 49 that not 
more than two equal str. lines can be drawn from a point to 
a str. line. 

Hence, MN cannot intersect the circumference at more 
than two points. 



X 



E. 1. What is the locus of points at a given distance from a given 
point? 
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Prop. III. Theobbm. 

1S4. In equal circles^ or in the same circle^ equal central 
angles intercept equal area on the circumference. 





Given AGB and A'C'B' equal central A of equal (D AJUB 
and A'M'B'f respectively. 

To Prove arc AB = arc A'B\ 

Proof. Superpose sector ABC upon sector A'B'O in such 
a way that Z G shall coincide with its equal Z (7. 

Now, AC = A'C and BC = B'C. (§ 146) 

Whence, point A will fall at A', and point B at 5'. 

Then, arc AB will coincide with arc A'B' ; for all points 
of either are equally distant from the centre. 

.-. arc AB = arc A^B*. 



Prop. IV. Theoeem. 

15S. (Converse of Prop. III.) In equal circleSf or in the 
sam^e circle, equal arcs are intercepted by eqml central angles. 





Given ACB and A^OB central A of equal ® AMB and 
AMB\ respectively, and arc AB = arc A^BK 
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ToProve ZC=^ZCr. 

Proof. Since the (D are equal, we may superpose OAMB 
upon O A!M^B^ in such a way that point A shall fall at -4', 
and centre -C at (7. 

Then since arc AB = arc AB\ point B will fall at N. 

Whence, radii AC and BC will coincide with radii A^O 
and SOy respectively. (Ax. 3) 

HencC; Z C will coincide with Z C 

156L Sch. 7n egt^aZ circles, or in the same cirde, 

1. The greater of two central angles intercuts the greater 
arc on the circumference. 

2. The greater of two arcs is intercepted by the greaJter cerir 
tral angle. 

Prop. V. Theorem. 

1S7. In equal circles, or in the same circle, equal chords 
subtend equal arcs. 





Given, in equal © AMB and A'M'B\ 

chord AB = chord A'B\ 

To Prove arc AB = arc A'B\ 

Proof. Draw radii AG, BC, A'C, and B'O. 
Then in A ABC and A'B'C, by hyp., 

AB = AB. 
Also, ^(7=^'(7'and5(7=5'(7. . 

.-. AABC=AA'B'a. 

.-. ZC=ZC. 
.'. arc AB = arc -4'B'. 
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Pbop. VI. Theorem. 

158. (Converse of Prop. V.) In equal circles, or in the 
same circle, equal arcs are subtended by equal chords. 

(Fig. of Prop. V.) 

Given, in equal © AMB and A'M'B', arc AB = arc A^B ; 
and chords AB and A'B'. 

To Prove chord AB = chord A'B^. 

(Prove A ABC = A A'B'O, by § 63.) 




. 2. If two circumferences intersect each other, the distance 
hetween their centres is greater than the difference of their radiL 

(§ 62.) 

\ V Prop. VII. Theorem. 

159. In equal circles, or in the same circle, the greater of 
two arcs is subtended by the greater chord; each arc being less 
than a semi-circumference. 





Given, in equal (D AMB and A^M^B\ arc AB > arc A^B\ 
each arc being < a semi-circumference, and chords AB and 
AB\ 
To Prove chord AB > chord A'BK 

Proof. Draw radii AO, BO, A'O, and B^a. 
Then in A ABC and A'B'C, 

AC = A'C and BG = B'O, (?) 

And since, by hyp., arc AB > arc A'B', we have 

ZOZC. (§166,2) 

.-. chord AB > chord A'B'. (§ 91) 
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Pkop. mil Theorek. 

IfiOl (Converse of Prop. VIL) In equal cirdesj or in the 
same cirde^ the greater oftico chords subtends the greater arc; 
each arc being less than a semi-circumference, 

(Fig. of Prop. VII.) 

(Z C>Z (7, by § 92; the theorem foUows by § 156, 1.) 

16L Seh. If each arc is greater than a semi-circumfer- 
ence, the greater arc is subtended by the less chord ; and 
conversely the greater chord subtends the less arc 

Pbop. IX. Theorem. 

162. The diameter perpendicular to a chord bisects the 
chord and its subtended arcs. 




Given, in OABD, diameter CD _L chord AB. 

To Prove that CD bisects chord AB, and arcs ACB and 
ADB. 

Proof. Let O be the centre of the O, and draw radii OA 
and OB. 

Then, OA = OB. 

Hence, A OAB is isosceles. 

Therefore, CD bisects AB. and Z AOB. 

Then since Z AOC= Z BOC, we have 

arc ^C=arc BC. 

Agiin, Z AOD = ZBOD. 

.'. arc AD = arc BD. 

Hence, CD bisects AB, and bjcb ACB and ADB. 



(?) 

(§94) 

(§154) 
(§ 31, 2) 

(?) 
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163. Cor. The perpendicular erected at the middle paint 
of a chord passes through the centre of tpe circle, and bisects 
the arcs subtended by the chord. 

EXERCI 

3. The diameter which bisects a chord is perpendicular to it and 
bisects its subtended arcs. (§ 43. ) 

(Fig. of Prop. IX. Given diameter CD bisecting chord AB.) 

C 

4. The straight line which bisects a chord and 

its subtended arc is perpendicular to the chord. ft/^^ |_ ''\o 

(By § 168, chord AC = chord BC.) 




\ 



V' Pbop. X. Thbobeh. 




\ 164. In the same cirde, or in equal circles, equal chords are 
equally distant from the centre. 




Oiven AB and CD equal chords of O ABC, whose centre 
is 0, and lines OE and OF ± to AB and CD, respectively. 

To Prove OE = OF, (§ 47) 

Proof. Draw radii OA and 00. 
Then in rt. A OAE and OCF, 

OA = 0(7. (?) 

Now, E is the middle point of AB, and F of CD. (§ 162) 

.-. AE=CFy 

being halves of equal chords AB and CD, respectively. 

^ .-. A OAE = A OCF. (?) 

.-. OE^OF. (?) 
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Prop. XI. Theorem. 

(Converse of Prop. X.) In the same circle, or in equal 
circles, chords equaUy distant from the centre are equal, 

(Fig. of Prop. X.) 

Oiven O the centre of O ABC, and AB and CD chords 
equally distant from O. 

To FrOTO chord AB = chord CD. 

(Et. A OAE=zTt. A OCF, BJidAE=CF*, E is the middle 
point of AB, and F of CD.) 

Prop. XII. Theorem. 

166. In the same circle, or in equal circles, the less of two 
chords isaithe greater distance from tJie centre. 

B 



^- — ^ 

Oiven, in O ABC, chord AB < chord CD, and Ji OF and 
OG drawn from centre to AB and CD, respectively. 

To Prove 0F> OG. 

Proof. Since chord AB < chord CD, we have 

arc AB < arc CD. (§ 160) 

Lay off arc OE = arc AB, and draw line CE. 

.'. chord CE = chord AB. (§ 158) 

Draw line 0H± CE, intersecting CD at K 

.-. OH^OF. (§164) 

But, OH>OK. 

And, 0K> OG. (?) 

Whence^ 0J9) or its equal OF, is > OG. • 
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P&op. XIIL Theoskm. 

167. (CoDTerse of Prop. XIL) In the aame drde, or in 
ual cirdeSy if two chords are unequaUy disiiJuU firam ike 
centre, the more remote is the less. 




GiTen O the centre of QABC, and chord AB mate re- 
mote from O than chord CD, 
T6 Prore chord AB < chord CD. 

Froof. Draw lines OG and 0H± to AB and CD respec- 
tiTclT. and on OG lav off 0K= OH, 
Through iTdraw chord EF± OK. 

.\ chord £F= ehoid CD, (§ 165) 

Xow, choid .IB Uphold JE:F. ^ (§54) 

Then it is evident that are AB is < arc EF, ton it is only 
a portiim of are £F, 

.', chord AB < chord EF. (§ 159) 

.\ choid .1B< chord CD. 

16& Got. ^4 «liVtw<*l^r of a circie tt ^reoler tikm any 
iftkier dkord: for a ehoid which passes through Hie emtie is 
greater than anj ehoid which does noi. (S 167) 



' S. TV dvMiM«M' w)kkh hBswfts sa are 
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Pbop. XIV. Thbokem. 

169. A 8tra4ght line perpendicular to a radius of a circle 
ai Us extremity is tangeiU to the circle. 




ADC B 

Given line AB± to radius OC of O EC at O. 
To Prove AB tangent to the O. 

Proof. Let D be any point of AB except C, and draw 
line OD. 

.-. OD>Oa (?) 

Therefore, point D lies without the O. 
Then, every point of AB except C lies without the O, 
and AB is tangent to the O. (§ 149) 

170. (Converse of Prop. XIV.) A tangent to a circle is 
perpendicvJar to the raditbs drawn to the point of contact. 



Prop. XV. Theorem. 




A C B 

Given line AB tangent to O EC at C, and radius OC. 
To Prove OC±ylJB. 

(00 is the shortest line that can be dra^vn from to AB.) 

171. Cror. A line perpendicular to a tangent at its point 
of contact passes through the centre of the circle, 

rr 
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Prop. XYL Thxobek. 

172L Tko paraJleU hUercept equal ares on a drcumftrenee. 
Cftie L When one line is a tangent and the other a secanL 

E 




Oiven AB a tangent to O CED at Ej and CD a secant B 
ABy intersecting the circumference at C and D. 

To Prove arc C^ = arc DE. 

Proof. Draw diameter EF. 

.'. EF ± AB. (§ 170) 

.-. EF ± CD. (?) 

.-. arc CE = arc DE. (§ 162) 

Oaie IL When both lines are secants. 



E a F 

Given, in O ABC, AB and CD II secants, intersecting the 
circumference at A and By and C and Z), respectively. 

To Provo arc AC = arc BD. 

Proof. Draw tangent EF II AB, touching the O at G. 

/. EF II CZ>. (?) 

Now, arc AG = arc BG, 

and arc C(? = arc !>(?. (§ 172, Case I) 
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Subtracting, we have 

arc AG — arc OG^ = arc BG—sltc DG. 
.'. arc -clC= arc BD. 

Case in. When both lines are tangents. 




F 

Given, in OEGF, AB and CD II tangents, touching the O 
at E and Fy respectively. 
To Prove arc EGF = arc EHF. 

(Draw secant GH II AB.) 

173. Cror. The straight line joining the points of cental 
of two paraUeL tangents is a diameter. 

Pbop. XYII. Theorem. 

174. The tangents to a circle from an outside point are 
eqiuU. 



(Rt. A OAB =^ Tt. A OAO, by § 90; then ^1B = -4G) 

175. Cor. From equal A OAB and OAC, 

A OAB = Z OAC and Z AOB = Z AOC, 

Then, the line joining the centre of a circle to the point of 
intersection of two tangents makes equal angles with the tanr 
gentSy and also with the radii drawn to the points of contact. 
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Prop. XVIII. Theorem. 

176. Through three points, not in the same straight Hne, 
a circumference can be drawn, and but one. 




Given points A, B, and C, not in the same straight line. 

To Prove that a circumference can be drawn through A, 
B, and C, and but one. 

Proof. Draw lines AB and BC, and lines DFsxid EG J. to 
AB and BC, respectively, at their middle points, meeting at 0. 

Then is equally distant from A, B, and C. (§ 137) 

Hence, a circumference described with as a centre and 
OA as a radius will pass through A, B, and C, 

Again, the centre of any circumference drawn through A, 
B, and C must be in each of the Js DF and EG. (§ 42) 

Then as DF and EG intersect in but one point, only one 
circumference can be drawn through A, B, and C. 

177. Cor. Two circumferences can intersect in b\U two 
points; for if they had three common points, they would 
have the same centre, and coincide throughout. 

Prop. XIX. Theorem. 

178. If two circumferences intersect, the straight line joining 
their centres bisects their common chord at right angles. 
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Oiyen and 0' the centres of two (D, whose circumfer- 
ences intersect at A and By and lines 00^ and AB, 
To Prove that 0& bisects AB at rt. A. 
(The proposition follows by § 43.) 

Pbop. XX. Theorem. 

179. If two circles are tangent to ea^ch other, the straight 
line joining their centres passes through their point of contact. 




Given and 0' the centres of two (D, which are tangent 
to line AB at A, 

To Prove that str. line joining and 0' passes through A. 

(Draw radii OA and 0A\ since these lines are 1.AB, 
OAO' is a str. line by § 37 ; the proposition follows by Ax. 3.) 

EXERCISES. 



7. The straight line which bisects the arcs sub- 
tended by a chord bisects the chord at right angles. 



X 
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8. The tangents to a circle at the extremities of a diameter are 
parallel. ^ 



9. If two circles are concentric, any two chords 
of the greater which are tangent to the less are C 
equal. (§ 166.) 



10. The straight line drawn from the centre of a circle to the point 
of intersection of two tangents bisects at right angles the chord joining 
their points of contact. (§ 174.) 
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ON MEASUREMENT. 

180. The ratio of a magnitude to another of the same 
kind is the quotient of the first divided by the second. 

Thus, if a and b are quantities of the same kind, the ratio 

of a to 6 is -; it may also be expressed a : b, 
b 

A magnitude is measured by finding its ratio to another 
magnitude of the same kind, called the unit of measure. 

The quotient, if it can be obtained exactly as an integer 
or fraction, is called the numerical measure of the magnitude. 

181. Two magnitudes of the same kind are said to be 
commensurable when a unit of measure, called a common 
measure, is contained an integral number of times in each. 

Thus, two lines whose lengths are 2} and 3f inches are commensu- 
rable ; for the common measure ^ inch is contained an integral num- 
ber of times in each ; i.e., 55 times in the first line, and 76 times in 
the second. 

Two magnitudes of the same kind are said to be incommen- 
surable when no magnitude of the same kind can be found 
which is contained an integral number of times in each. 

For example, let AB and CD be two lines such that 



AB 



= V2. 



CD 

As V2 can only be obtained approximately, no line, however 
small, can be found which is contained an integral number of 
times in each line, and AB and CD are incommensurable. 

182. A magnitude which is incommensurable with respect 
to the unit has, strictly speaking, no numerical measure 

(§ 180) ; still if CD is the unit of measure, and :^ = V2, 
we shall speak of V2 as the numerical measure of AB. 

183. It is evident from the above that the ratio of two 
magnitudes of the same kind, whether commensurable or 
iniiommensurable, is equal to the ratio of their numerical 
measures when referred to a oommon unit. 
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THE METHOD OF LIMITS. 

184. A variable quantity, or simply a variable, is a quan- 
tity which may assume, under the conditions imposed upon 
it, an indefinitely great number of different values. 

185. A constant is a quantity which remains unchanged 
throughout the same discussion. 

186. A limit of a variable is a constant quantity, the dif- 
ference between which and the variable may be made less 
than any assigned quantity, however small, but cannot be 
made equal to zero. 

In other words, a limit of a variable is a fixed quantity 
to which the variable approaches indefinitely near, but 
never actually reaches. • 

187. Suppose, for example, that a point moves from A 
towards B under the condition that it ^ C D E B 

shall move, during successive equal in- I ' ' — L_J 

tervals of time, first from A to C, half-way .between A and 
B; then to D, half-way between C and B\ then to E, half- 
way between D and B ; and so on indefinitely. 

In this case, the distance between the moving point and 
B can be made less than any assigned distance, however 
small, but cannot be made equal to 0. 

Hence, the distance from A to the moving point is a 
variable which approaches the constant distance AB as a 
limit. 

Again, the distance from the moving point to 5 is a 
variable which approaches the limit 0. 

As another illustration, consider the series 



1 1 1 1 _i_ 



• • • . 



T> T> Sf TT> y 

where each term after the first is one-half the preceding. 

In "this case, by taking terms enough, the last term may 
be made less than any assigned number, however small, but 
cannot be made actually equal to 0. 
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Then, the last term of the series is a variable which ap- 
proaches the limit when the number of terms is indefi- 
nitely increased. 

Again, the sura of the first two terms is 1^ ; 
the sum of the first three terms is If ; 
the sum of the first four terms is 1^ ; etc. 

In this case, by taking terms enough, the sum of the 
terms may be made to differ from 2 by less than any as- 
signed number, however small, but cannot be made actually 
equal to 2. 

Then, the sum of the terms of the series is a variable 
which approaches the limit 2 when the number of terms 
is indefinitely increased. 

188. The Theorem of Limits. If two variables are always 
equaly and each appivaches a limit, the limits are equal. 

AM C B 

) ' I I 

Af M' B' 

I I I 

Oiven AM and A'M' two variables, which are always 
equal, and approach the limits AB and A'B^, respectively. 

To Prove AB = -4'B'. 

Proof. If possible, let AB be > A'B'i and- lay off, on 
AB,AO=A'B\ 

Then, variable AM may have values > AC, while vari- 
able A'M^ is restricted to values < AC; which is con- 
trary to the hypothesis that the variables are always equal. 

Hence, AB cannot be > A'B\ 

In like manner, it may be proved that AB cannot be 

< A'ff. 

Therefore, since AB can be neither >, nor < A*B^, we 

have 

AB = A'ff. 
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MEASUREMENT OF ANGLES. 

Pbop. XXI. Theorem. 

189. In the same cirde, or in equal circles, two central 
angles are in the same ratio 08 th£ir intercepted arcs. 

Case L When the arcs are commensurable (§ 181). 



Giyen, in OABC, AOB and BOC central A interceptiog 
commensurable arcs AB and BC, respectively. 

/.AOB 2iVQAB 



To Proye 



Z BOC arc BC 



ttwA, Since, by byp., arcs AB and BC are commensur- 
able, let arc AD be a common measure of arcs AB and JBC; 
and suppose it to be contained 4 times in arc AB, and 3 
times in arc BC, 

arc AB _ 4 ,y. 

''' a.TcBC^3 ^ ^ 

Drawing radii to the several points of division of arc AC, 
Z AOB will be divided into 4 A, and Z BOC into 3 A, all 
of which A are equal. (§ 155) 

ZAOB 4 



" ZBOC 3 

From (1) and (2), we have 

ZA0B ^ 2iXcAB^ 
ZBOC B,TcBC 



(2) 



(?) 
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Case n. When the arcs are incommensurable (§ 181). 




Given, in O ABO,AOB and BOC central A intercepting 
incommensurable arcs AB and BC, respectively. 

ZAOB SLTcAB 



To Prove 



ZBOO B.VOBC 



Proof. Let arc AB be divided into any number of equal 
arcs, and let one of these arcs be applied to arc 5(7 as a 
unit of measure. 

Since arcs AB and BO are incommensurable, a certain 
number of the equal arcs will extend from B to (7, leaving 
a remainder C'C less than one of the equal arcs. 

Draw radius OC. 

Then, since by const., arcs AB and BO are commensurable, 

ZAOB arc-4B /c-iqa n' t\ 

ZBOa = I^^BC- (§ 189, Case I.) 

Now let the number of subdivisions of arc AB be indefi- 
nitely increased. 

Then the unit of measure will be indefinitely diminished ; 
and the remainder C'C, being always less thai the unit, will 
approach the limit 0. 

Then Z BOO' will approach the limit Z BOO, 

and arc BO' will approach the limit arc BO. 

Hence, — ^^^. will approach the limit , ^ . 
' ZBOO' ^^ ZBOO 

and arc^ ^iU approach the limit 5I£j^. 

aro BC arp 7?C 
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Now, ^ ^^^ and — — are variables which are always 

'ZBOa SiTGEO /AQB arc^R 
'equal, and approach the limits -; — - and -, respec- 

By the Theorem of Limits, these limits are equal. (§ 188) 

ZA0B ^ 2,yqAB 
" Z.BOC a.TcBO' 

190. Soh. The usual unit of measure for arcs is the 
degree, which is the ninetieth part of a quadrant (§ 146). 

The degree of arc is divided into sixty equal parts, called 
minutes, and the minute into sixty equal parts, called 
seconds. 

If the sum of two arcs is a quadrant, or 90°, one is called 
the complement of the other ; if their sum is a semi-circum- 
ference, or 180°, one is called the supplement of the other. 

191. Cor. L By § 154, equal central A, in the same ®, 
intercept equal arcs on the circumference. 

Hence, if the angular magnitude about the centre of a O 
be divided into four equal A, each Z will intercept an arc 
equal to one-fourth of the circumference. 

That is, a right central angle intercepts a quadrant on the 
circumference, (§ 35) 

192. Cor. n. By § 189, a central Z of n degrees bears 
the same ratio to a rt. central Z that its intercepted arc 
bears to a quadrant. 

But a central Z of n degrees is — of a rt. central Z. 

^ 90 

Hence, its intercepted arc is — of a quadrant, or an arc of 
n degrees. 

The above principle is usually expressed as follows : 

A central angle is measured by its intercepted arc. 

This means simply that the number of angular degrees in 
a central angle is eg,ual to the number of degrees of arc in 
its intercepted arc. 
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Pkop. XXII. Theobem. 

193. An inscribed angle is measured by one-haHf its inter- 
cepted arc. 

Case L When one side of the angle is a diameter. 




Given AC a diameter, and AB a chord, of O ABG. 

To Prove that Z BAC is measured by | arc BG. 

Proof. Draw radius OB; then, OA = OB, 
Then A OAB is isosceles, and Z B = ZA, 
But since BOC is an ext. Z of A OAB, 

ZBOC = ZA + ZB, 

.-. ZB0C==2ZA, or ZA = iZBOa 

But, Z BOO is measured by arc BO. 
Whence, Z ^ is measured by \ arc BO, 

Case XL When tJie centre is within the angle. 

A 



(?) 
(?) 

(§ 85, 1) 
(§ 192) 




Olven AR and AC chords of QABCf and the centre of 
th« witlun Z /U(/. 

To Prove that Z ILiC is measured by ^aro J3(7. 
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Proof. Draw diameter AD, 

Then, Z BAD is measured by J arc J5Z>, 
and Z CAD is measured by i arc CD. (§ 193, Case I) 

.-. Z BAD 4- Z CAD is measured by i arc BD + ^ arc CD. 
.-. Z -B-4C is measured by ^ arc -BC. 

Case TTT. When the centre is withoxU the ajigle. 

A 




(The proof is left to the pupil.) 

Id4. Cor. L Angles inscribed in the 
same segment are equal. 

Oiven A^ B, and C/4 inscribed in seg- 
ment ADE of O ABC. 

ToProve ZA==ZB = ZC 

(The proposition follows by § 193.) 

195. Cor. n. An angle inscribed in a 
semicircle is a right angle. 

Given BC a diameter, and AB and AC b 
chords, of O ABD. 

To Prove Z BAC a rt. Z. 

Proof. ZBAC is measured by ^ of 
180°, or 90°. (§ 193) 

196. Cor. in. The opposite angles of 
an inscribed quadrilateral are supplement- 
ary. 

For their sum is measured by ^ of 360°, 
or mf. (?) 
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Peop. XJ^III. Theorem. 

197. The angle between a tangent and a chord is measured 
by one-half its intercepted arc. 




Oiven AE a tangent to O BCD at B, and BG a choid* 
To Prove that Z ABC is measured by ^ arc BC. 
Proof. Draw diameter BD ; then, BD ± AE, (?) 

Now a rt. Z is measured by one-half a semi-circumference. 

.'. Z ABD is measured by ^ arc BCD. 
Also, Z CBD is measured by i arc CD. (§ 193) 

.-. Z ABD - Z C7jBi> is measured by ^ arc 5(72> —\ sm CD. 

.'. Z ABC is measured by ^ arc BC. 
Similarly, Z ^5(7 is measured by ^ arc BDO. 

Prop. XXIV. Theorem. 

196. The angle 'between two chords, irUersecting within the 
circumference, is measured by one-half the sum of its inter- 
oepted arc, and tJie arc intercepted by its vertioai angle. 




Given, in OABC, chords AlB and CD intersecting 
the oiroumf erenoe at E. 
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To Prove that 

Z AEC is measured by ^ (arc AC + arc BD). 
Proof. Draw chord BC. 
Then, since AEC is an ext. Z of A BCE, 

ZAEC = ZB-\-ZC. (?) 

But, ZB is measured by ^ arc AC, 

and Z (7 is measured by ^ arc 5Z). (?) 

.% Z -4j&(7 is measured by ^ (arc J.(7 + arc BD). 

Pbop. XXV. Theoeem. 

199. The angle between two secants, intersecting vnthout 
the circumferencey is measured by one-half the difference of 
the intercepted arcs. 




Oiven, in OABC, secants AE and CE intersecting with- 
out the circumference at E, and intersecting the circumfer- 
ence at A and B, and C and D, respectively. 

To Prove that ZE is measured by ^ (arc AC— arc BD), 

Proof. Draw chord BC. 

Then since ABC is an ext. Z of A BCE, 

ZABC==ZE + Za (?) 

.-. ZE = ZABC-ZC 

But, Z ABC is measured by ^ arc AC, 

and ZC is measured by ^ arc BD, (?) 

.'. ZEia measured by ^ (arc AC — arc BD), 
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200. Cor. (Converse of § 19G.) If the 
opitoaite angles of a qniulrilateral are supple- 
vientary, the qnaflrilateral can be hiscribed in 
a circle. 

Oiven, in quadrilateral ABCD, Z.A sup. Ji 
to Z C, and Z B to Z Z) ; also, a circumfer- 
ence drawn through A, By and C, (§ 176) 

To Prove that D lies on the circumference. 

Proof. Since Z Z> is sup. to Z J5, it is measured by ^ arc 
ABC. (§ 193) 

Then, D must lie on the circumference; for if it were 
within the O, Z Z> would be measured by \ an arc > ABC; 
and if it were without the (D, ZD would be measured by 
i an arc <J ABC. (§§ 198 J^) 



V 



Prop. XXVI. Theorem. 

201. The angle between a secant and a tangent^ or two 
tangents, is measured by one-half the difference of the inter- 
cepted arcs. 





t-iu. 1. 



Fig. f • 



1. Given AE a tangent to BDC at B, and EC a secant 
intersecting the circumference at C and D. (Fig. 1.) 

To Prove that ZE\9 measured by \ (arc BFO— arc BDy 
(We have ZE = ZABC-ZC.) 

2. (In Fig. 2, ZE^^ZABD-ZBDE; then use § 197.) 
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Cor. Since a drcumference is an aic of 360°^ we 
have 
i (arc BFD - arc BGD) 

= i (360** - arc BGD - sac BGD) 

= ^ (360° - 2 arc jBG/>) 

= 180** - arc BGD. 

Then, ZE is measured by 180° — arc BGD. 

Hence, the angle between two tangents is measured by the 
supplement of the smaUer oftJie two intercepted arcs. 



EXERCISES. 

11. If, in figure of § 197, arc BC = 107°, how many degrees are 
there in angles ABC and EBC? 

12. If, in figure of § 198, arc AC = W, and AAEC^bV, how 
many degrees are there in arc BD ? 

13. If, in figure of § 199, arc AC = 117°, and Z C = 14°, how many 
degrees are there in angle E^ 

14. If, in figure of § 199, ^C is a quadrant, and AE = 39°, how 
many degrees are there in arc BD ? 

15. If, in Fig. 1 of § 201, arc BFC = 197°, and arc CD = 75°, how 
many degrees are there in angle E ? 

16. If, in Fig. 1 of § 201, Z JF = 53°, and arc BD is one-fifth of the 
circumference, how many degrees are there in arc BFC ? 

17. If, in Fig. 2 of § 201, arc BFD is thirteen-sixteenths of the 
circumference, how many degrees are there in angle E ? 

Jt^UB. Three consecutive sides of an inscribed quadrilateral subtend 
arcs of 82°, 99°, and 67° respectively. Find each angle of the quad- 
rilateral in degrees, and the angle between its diagonals. 

/^19. Prove Prop. XXIV. by drawing through B a chord parallel to 
CD. (§ 172.) 

T^^O. Prove Prop. XXV. by drawing through B a chord parallel 
to CD. 

/^ 21. Prove Prop. XXVI. for Fig. 1 by drawing through D a chord 
-parallel to AE. 

22. An angle inscribed in a segment greater than a semicircle is 
acute ; and an angle inscribed in a segment less than a semicircle is 

obtuse. .(§193.) V;;ii;>54.\ 
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23. In an inscribed trapezoid the non-parallel sides are equal, and 
also the diagonals. 

(The non-parallel sides, and also the diagonals, subtend equal arcs.) 

24. If the inscribed and circumscribed circles of a triangle are con- 
centric, prove the triangle equilateral. (§ 165.)^* '• = ^W-^-^'-' • '-^^■'^ 

^ 25. li AB and AC are the tangents from point A to the circle 

"i^ whose centre is O, prove Z BAG = 2 Z OBC, (Ex. 10, p. 87.) 

JC. 

26. If two chords intersect at right angles withiH 
the circumference of a circle, the sum of the oppo- / \ \ B 

site intercepted arcs is equal to a semi-circumfer- 
ence. 



27. Two intersecting chords which make 
equal angles with the diameter passing through 
their point of intersection are equal. (§ 165.) 

(Prove that OH = OK,) 




28. Prove Prop. XXIII. by drawing a radius 
perpendicular to BC. (§ 162.) 



29. If i4/? and ^C are two chords of a circle making equal angles 
with the tangpntfit A^ prove AB = AC. 

30. From a given point within a circle and not 
coiiioidout with tho oontrc, not more than two equal 
Htraight llni»H can bo drawn to the circumference. 

(If poMHiblo, let AB^ AC^ and AD be three equal 
«!nvlght linoH fn>m point A to cinnimference BCD; 
thon, by § \i\l\y A must coincide with the centre.) 




31. Tho 8uni of twt> oppi>site sides of a circum- 
nrrllHHl qiuulrila(t*nU is oqual to the sum of the other 
twoaidoH. (§174.) E 

0\) pnm» AB + CD = ^D + BC.) 
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32. Prove Prop. VI. by superposition. 

33. In a circumscribed trapezoid, the straight line joining the 
middle points of the non-parallel sides is equal to one-fourth the 
perimeter of the trapezoid. (§ 132.) 

34. If the opposite sides of a circumscribed quadrilateral are paral- 
lel, the figure is a rhombus or a square. (Ex. 31.) 

(Proye the sides all equal.) 

35. If tangents be drawn to a circle at the extremities of any pair 
of diameters which are not perpendicular to each other, the figure 
formed is a rhombus. (Ex. 34.) 

36. If the angles of a circumscribed quadrilateral are right angles, 
the figure is a square. 

37. If two circles are tangent to each other at point A, the tangents 
to them from any point in the conmion tangent which passes through 
A are equaL (§ 174.) 

B 

38. If two circles are tangent to each other ^ — ^'^v-r-^ 
externally at point A, the common tangent which / v^^^ 
passes through A bisects the other two common I ^ J 
tangents. (Ex.37.) >v ^.J^:^^ 

(To prove that FG bisects BC and BE.) ^ ^ 

39. The bisector of the angle between two tangents to a circle 
passes through the centre. 

(The bisector of the Z between the tangents bisects at rt. A the 
chord joining their points of contact.) 

40. The bisectors of the angles of a circumscribed quadrilateral 
pass through a common point. 

41. If AB is one of the non-parallel sides of a trapezoid circum^ 
scribed about a circle whose centre is 0, prove AOB a right angle. 
(§ 175.) 

Bl 

42. If two circles are tangent to each other 
internally, the distance between their centres is 
equal to the difference of their radii 

43. Prove the theorem of § 168 by drawing radii to the extremities 
of the chord. (Ax. 4.) 

44. Prove the theorem of § 202 by drawing radii to the points of 
contact of the tangents. (§ 192.) 

45. If any number of angles are inscribed in the same segment, 
their bisectozs pass through a conmion point. (§ 193.) 
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46. Prove Prop. XIII. by Seductio ad Absurdum, (§§ 164, 166.) 

47. Two chords perpendioular to a third chord at its extremities 
are equal. (§ 168.) 

48. If two opposite sides of an inscribed quadrilat- 
eral are equal and parallel, the figure is a rectangle. 

(Arc BCD is a semi-circumference.) 

49. If the diagonals of an inscribed quadrilateral intersect at the 
centre of the circle, the figure is a rectangle. (§ 195.) 



50. The circle described on one of the equal 
Bides of an isosceles triangle as a diameter, bisects 
the base. (§ 196.) 





51. If a tangent be drawn to a circle at the ex- 
tremity of a chord, the middle point of the sub- 
tended arc is equally distant from the chord and 
from the tangent. 

(BD bisects Z ABO.) 



52. If sides AB^ BCj and CD of an inscribed quadrilateral sub- 
tend arcs of 99°, 106°, and 78°, respectiyely, and sides BA and CD 
produced meet at E, and sides AD and BC aX F, find the number of 
degrees in angles AED and AFB. 

53. If O is the centre of the circumscribed circle of triangle ABCt 
and OD be drawn perpendicular to BC, prove 

ZBOD = ZA, (§192.) 

54. If Z>, E, and F are the points of contact of sides AB, BC, and 
CA respectively of a triangle circumscribed about a circle, prove 

Z DEF = 90° - J ^. (§ 202.) 

55. If sides AB and BC of an inscribed quadrilateral ABCD sab- 
tend arcs of 69° and 112°, respectively, and angle AED between the 
diagonals is 87°, how many degrees are there in each angle of the 
quadrilateral ? 

56. If any number of parallel chords be drawn Ml a circle, their 
middle points Ho in the same straight line. (§ 162.) 

57. What is the locus of the middle points of a system of parallel 
chorda iu a oirole ? 
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58. What 18 the locos of the middle points of a system of chords 
of giyen length in a circle f 

59. If two circles are tangent to each other, 
any straight line drawn through their point of 
contact subtends arcs of the same number of 
degrees on their circumferences. (§ 197.) 

(Let the pupil draw the figure for the case 
when the ® are tangent internally.) 

60. If a straight line be drawn through the 
point of contact of two circles which are tan- 
gent to each other externally, terminating in 
their circumferences, the radii drawn to its 
extremities are parallel. (§ 73.) 

(Let the pupil state the corresponding theo- 
rem for the case when the (D are tangent internally.) 

61. If a straight line be drawn through the point of contact of two 
circles which are tangent to each other externally, terminating in their 
circumferences, the tangents at its extremities are parallel. (§ 73.) 

(Let the pupil state the corresponding theorem for the case when 
the ® are tangent internally.) 

62. If sides AB and DC oi inscribed quadrilateral ABCD be pro- 
duced to meet at E, prove that triangles ACE and BDE, and also 
triangles ADE and BCE^ are mutually equiangular. 

(For second part, see § 196.) 

63. The sum of the an^es subtended at the 
centre of a circle by two opposite sides of a circum- 
scribed quadrilateral is equal to two right angles. 
(§ 175.) 

(To proTe ZAOB + Z COD = 180°.) 



64. If a circle is inscribed in a right triangle, 
the sum of its diameter and the hypotenuse is equal 
to the sum of the legs. (§ 174.) 




65. If a circle be described on the radius of another circle as a 
diameter, any chord of the greater passing through the point of con- 
tact of the circles is bisected by the circumference of the smaller. 
(§ 196.) 
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66. If fliden AB and CD of inscribed qnad- 
liUteral A BCD make eqnal an^es with the 
diameter paMiinff throafi:h their point of inter- 
section, prove AB — CD. (J Ifto.) 



67. If angles A^ B, and C of drcomscribed quadrilateral ABCD 
are 128^, «7^ and 112^, respectively, and sides AB, BC, CDy and DA 
are tangent to the circle at points E, F, G, and H, respectively, find 
the number of degrees in each angle of quadrilateral EFGH. 

68. The chord drawn through a given point within 
a circle, perpendicular to the diameter passing through 
the point, is the least chord which can be drawn 
through the given point. (§ 166.) 

(Given chords AB and CD drawn through P, and 
AB ± OP. To prove AB < CD,) 

69. If ADB, BECt and CFA are angles inscribed in segments 
AIW, BCE, and ACFy respectively, exterior to inscribed triangle 
ABC, prove their sum equal to four right angles. (§ 186.) 

lVot«. For additional exercises on Book II., see p. 222. 




CONSTRUCTIONS. 
Prop. XXVII. Pboblbm. 



\ 



303. At a given point in a straight line to erect a perpen- 
dkiilar to that line. 

First Method. 
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Beqnired to draw a line ± to AB at (7. 

Construction. Take points D and E on AB equally dis- 
tant from O, 

With D and E as centres, and with equal radii, describe 
arcs intersecting at F, and draw line CF. 

Then, CFis±toAB2it C, 

Proof. By cons., C and F are each equally distant from 
D and E, 

Whence, CF is ± to !>-& at its middle point. (?) 

Second Method. 
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Oiven C any point in line AB, 
Beqnired to draw a line ± to AB at (7. 

Construction. With any point without line AB as a 
centre, and distance OC as a radius, describe a circumfer- 
ence intersecting AB at (7 and Z>. 

Draw diameter Z>^, and line OE. 

Then, CE is ± to ^IB at (7. 

Proof. Z DCE, being inscribed in a semicircle, is a 

rt. Z. (§ 195) 

.-. CE ± CD. 

Note. The second method of construction is preferable when the 
giyen point is near the end of the line. 

I. A.. EXERCISES. 

70. Given the base and alMtude of an isosceles triangle, to con- 
stract the triangle. 

71. Given on acute angle, to constmct its complement. 
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Prop. XXVllI. Problem. 

204i From a given point without a straight line to draw a 
perpendicular to that line. 






^ 
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Oiven C any point without line AB, 
Beqnired to draw from C a line ± to AB. 

Construction. With (7 as a centre, and any convenient 
radius, describe an arc intersecting AB2X D and E, 

With D and E as centres, and with equal radii, describe 
arcs intersecting at F, 

Draw line OF. 

Then, CF±AB, 

Proof. Since, by cons., C and F are each equally distant 
from D and E, OF is ± to BE at its middle point (?) 

Pbop. XXIX. Pboblem. 
205. To bisect a given straight line. 



* 
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QiTW line AB. 
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Seqoired to bisect AB, 

Constmcttgn. With A and B as centres, and with equal 
radii, describe arcs intersecting at C and D, 
Draw line CD intersecting AB at E. 
Then, E is the middle point of AB, 

(The proof is left to the pupil.) 



^ 



Prop. XXX. Pboblem. 
206. To bisect a given arc. 




Given arc AB, 

Beqnired to bisect arc AB. 

Construction. With A and B as centres, and with equal 
radii, describe arcs intersecting at C and D. 
Draw line CD intersecting arc AB at E, 
Then E is the middle point of arc AB. 

Proof. Draw chord AB. 

Then, CD is X to chord AB at its middle point. (?) 

Whence, CD bisects arc AB. (§ 163) 

EXERCISES. 

72. Given an angle, to construct its supplement. 

73. Given a side of an equilateral triangle, to construct the tri« 
angle. 

74. To constract an angle of 60° (Ex. 73); of 30° (Ex. 71). 

75. To con^tniot an angle of 120° (Ex. 72); of 160^. 
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Pkop. XXXL Pbobleic 
207. To bisect a given angle. 




B 

Oiven Z AOB. 

Bequired to bisect Z AOB, 

Oonitruotion. With as a centre, and any convenient 
radius, describe an arc intersecting OA at (7, and OB at 2>. 

With C and D as centres, and with the same radius as 
before, describe arcs intersecting at E, and draw line OE. 

Then, OE bisects Z AOB. 

Proof. Let OE intersect arc CD at F. 

By cons., and E are each equally distant from C and D. 

Whence, OE bisects arc CD at F (§ 206). 

.-. ZCOF=ZDOF. (?) 

That is^ OE bisects Z AOB. 

Prop. XXXII. Problem. 
SOBi TITlfA (I tjh'ifH tyi^<ur and a given side, to conOruct an 





ttfM th« Ttr^X) and OA a side, of an Z, and Z (K 
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Bequired to construct, with as the vertex and OA as a 
side, an Z equal to Z 0'. 

Construction. With 0' as a centre, and any convenient 
radius, describe an arc intersecting the sides of Z 0' at 
and D ; and draw chord CD. 

With as a centre, and with the same radius as before, 
describe the indefinite arc AE, 

With ^ as a centre and CD as a radius, describe an arc 
intersecting arc AE at B, and draw line OB. 

Then, .^ ZAOB = ZO'. 

(The chords of arcs AB and CD are equal, and the projKi- 
sition follows by §§ 157 and 155.) i 

Prop. XXXIII. Problem. ^\^ 

y^209. Through a given point without a given straight line, to 
draw a parallel to the line. 

/F 



Ll. 



-2> 



Ll 
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Given O any point without line AB. 

Beqnired to draw through C a line || to AB. 

Construction. Through C draw any line EF, meeting 
AB at E, and construct Z FCD = Z CEB. (§ 208) 

Then, CD || AB. (?) 

EXERCISES. 

76. To construct an angle of 45° ; of 135° ; of 22J° ; of 67}®. 

77. Through a given point without a straight line to draw a line 
making a given angle with that line. 

(Draw through the given point a II to the given line.) 
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Prop. XXXIV. Pboblbm. 
210. Given two angles of a triangle, to find the third. 



^ 




y 



— i> 



J? 

Oiven A and B two ^i of a A. 

fiequired to construct the third Z. 

Oonstruotion. At any point E of the indefinite line CD, 
construct Z DBF = Z ^. (§ 208) 

Also, Z FEG adjacent to Z DBF, and equal to Z B. 
Then, Z CEG is the required Z. 

(The proof is left to the pupil.) 

Prop. XXXV. Problem. 

211. Given two sides and the included angle of a triangle^ 
to construct the triangle, 

m 



n 





Oiveii m and n two sides of a A, and A^ their included Z. 

fiequired to construct the A. 

Construction. Draw line AB a m. 

Construct Z BAD = Z A'. (§ 208) 

On AD take AC = n, and draw line BO. 

Then, ABC is the required A. 

212. Boh. The problem is possible for any values of 
the given parts. 



^ 
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S^ Prop. XXXVI. Problem. 

213. Given a side and two adjacent angles of a triangle, to 
construct the triangle. 



J) 





m 




^ m 

Given a side m, and the adj. A A* and B^ of a A. 
(The construction is left to the pupil.) 

214. Sch. I. If a side and any two angles of a triangle 
are given, the third angle may be found by § 210, and the 
triangle may then be constructed as in § 213. 

215. Sch. n. The problem is impossible when the sum 
of the given angles is equal to, or greater than, two right 
angles. (§ 84) 

Prop. XXXVII. Problem. 

216. Given the three sides of a triangle, to construU the 

triangle, 

m 



n 




Oiven m, n, and p the three sides of a A, 

Bequired to construct the A. 

Constrtietion. Draw line AB = m. 

With ^ as a centre and n as a radius, describe an arc; 
with ^ as a centre and ^ as a radius, describe an arc inter- 
secting the former arc at G, and draw lines AG and BG. 

Then^ ABG is the required A. 
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217. Sob. The problem is impossible when one of the 
given sides is equal to, or greater than, the sum of the other 
two. (§ 61) 

Prop. XXXVIII. Problem. 

218L Oiven two sides of a triangle, and the angle opposite 
to one of them, to construct the triangle. 

Given m and n two sides of a A, and A' the Z opposite 
to n. 
fieqnired to construct the A. 

Constrnotion. Construct Z DAE = ZA^ (§ 208), and on 
AE take AB==m. 
With £ as a centre and n as a radius, describe an arc. 

Case I. When A' is acute, and m > n. 

There may be three cases : 

1. The arc may intersect AD in two points. 



;e 



m 




Let (7i and Cf be the points in which the arc intersects 
ADf and draw lines BCi and BCf, 
Then, either ABCi or ABC^ is the required A. 

Note. This is called the ambiguous case. 

2. The arc may be tangent to AD. 
In this case there is but one A. 

And since a tangent to a O is ± to the radios drawn 
to Uie iH)int of contact (§ 170), the A is a right A. 

S* Tlio art\ may not intersect AD at all. 
In this case the problem is impossible. 
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In this case, the axe intersects AD in two points, oj^ 
of which is A. ^^ 




Then there is but one A ; an isosceles A. 
Case nL When A^ is acute, and m<n. 



m 



n 




In this case, the arc intersects AD in two points. 

Let Ci and C^ be the points in which the arc intersects 
ADy and draw lines BCi and BC^. 

Now A ABCj does not satisfy the conditions of the prob- 
lem, since it does not contain the given Z A', 

Then there is but one A ; A ABGf. 

Case IV. When A* is right or obtuse, and m<n. 

In each of these cases, the arc intersects AD in two 
points on opposite sides of A, 
Then there is but one A. 

219, Sch. If A' is right or obtuse, and m = n or m > n, 
the problem is impossible ; for the side opposite the right 
or obtuse angle in a triangle must be the greatest side of 
the triangle. (§ 99) 

The pupil should construct the triangle corresponding 
to each case of § ^18. 

EXERCISES. 

78. Given one of the equal sides and the altitude of an isosceles 
triangle, to construct the triangle. 

What restriction is there on the values of the given lines ? 

79. Given two diagonals of a parallelogram and their included 
angle, to construct the parallelogram. (§ HI.) 
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Pkop. XXXTX, Pkobleh. 
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Prop. XLI. Problem. 
To circumacrihe a circle about a given triangle. 



C 




Given A ABC. 

Bequired to circumscribe a O about A ABO, 
Constmction. Draw lines DF and EG ± to AB and AC, 
respectively, at their middle points (§ 205). 
Let DF and HG intersect at 0. 

With as a centre, and OA as a radius, describe a O. 
The circumference will pass through A, B, and 0. 

(The proof is left to the pupil ; see § 137.) 




Sch. The above construction serves to describe a 
circumference through three given points not in the same 
straight line, or to find the centre of a given circumference 
or arc. 

EXERCISES. 

81. To construct a right triangle, having given a leg and the oppo- 
site acute angle. 

(Construct the complement of the given Z.) 

82. Given the hase and the vertical angle of an isosceles triangle, 
to construct the triangle. 

(Each of the equal A is the complement of one-half the vertical Z.) 

83. Given the altitude and one of the equal angles of an isosceles 
triangle, to construct the triangle. 

(One-half the vertical Z is the complement of each of the equal A.) 

84. To circumscribe a circle about a given rectangle. 
(Draw the diagonals.) 



PLANE GEOMETRY. — BOOK U. 



Prop. XLII. Problem. 

^224. To draw a tangent to a circle through a given point 
yn the circumference. 

BAG 




Given A any point on the circumference of O AD. 

Bequired to draw through A a tangent to O AD, 

Construction. Draw radius OA. 
Through A draw line BC ± OA (§ 203). 
Then, BC will be tangent to O AD. 

Prop. XLIII. Problem. 



(?) 



/ 
\ 



To draw a tangent to a circle through a given point 
without the cirde. 



"XB 




Given A any point without O BC. ' 

Required to draw through A a tangent to O BG, 

Construction. Let be the centre of QBC, and draw 
line OA, 

On OA as a diameter, describe a circumference^ cutting 
tlio given circumference at B and (7. 

Draw lines AB and AC. 
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Then, AB and AC are tangents to O BO, 

Proof. Draw line OB, 
Z. ABO, being inscribed in a semicircle, is a rt. Z. (?) 
Therefore, AB is tangent to O BC. (?) 

In like manner, AC is tangent to O BC, 

Prop. XLIV. Problem. 

226. Upon a given straight line, to describe a segment which 
shall contain a given angle. 



a 





Oiven line AB, and ZA\ 

fiequired to describe upon AB a segment such that every 
Z inscribed in the segment shall equal Z A'. 

Construction. Construct Z BAC =ZA\ (§ 208) 

Draw line DE ± to AB at its middle point. (§ 205) 

Draw line AFl. AC, intersecting DE at 0. 
With O as a centre and OA as a radius, describe O AMBN, 
Then, AMB will be the required segment. 

Proof. Let AGB be any Z inscribed in segment AMB. 
Then, Z AGB is measured by ^ arc ANB. (?) 

But, by cons., AC ± OA. 

Whence, AC is tangent to O AMB. (?) 

Therefore, Z BAC is measured by ^ arc ANB. (§ 197) 

.\ Z AGB = Z BAC = Z A. (?) 

Hence, every Z inscribed in segment AMB equals Z A. 

(§ 194) 



y. 
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EXERCISES. 

05. Given the middle point of a chord of a circle, 
to construct the chord. 

(To draw through C a chord which is bisected 
at C.) 



86. To draw a line tangent to a given circle and 
parallel to a given straight line. 
(To draw a tangent !i AB.) 



87. To draw a line tangent to a given circle and peipendicolar to 
a given straight line. 

88. To draw a straight line through a given point 
within a given acute Z, forming with the sides of A 
the angle an isosceles triangle. 

89. Given the base, an adjacent angle, and the altitude of a tri- 
angle, to construct the triangle. 

(Draw a II to the base at a distance equal to the altitude.) 

90. Given the base, an adjacent side, and 
the altitude of a triangle, to construct the 
triangle. 

Discuss the problem for the following cases : 

1. n>p, 2. n=p. 3. n^p. 




\ 




91. To construct a rhombus, having given its base and altitude. 
(Draw a II to the base at a distance equal to the altitude.) 
What restriction is there on the values of the given lines ? 



92) Given the altitude and the sides includ- 
iii)ftne vortical angle of a triangle, to construct 
tlio triangle. 

What restriction is there on the values of 
the K^veu linoH ? 

DlNOiuw tho problem for the following cases : 

1. m<nor>n. 2. m=^n. 
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Given the altitude of a triangle, and the angles at the extremi- 
\ ties of the base, to construct the triangle. <. /^ 

(Th^ A between the altitude and an adjacent side is the complement 
of the Z. at the extremity of the base, If acute, or of its supplement, if 
obtuse.) 

(94)^ To construct an isosceles triangle, having given the base and 
the radius of the circumscribed circle. 

What restriction is there on the values of the given lines ? 

Q^> To construct a square, having given one of its diagonals. 
(§ 195.) 

^« To confttruct a right triangle, having 
given the hypotenuse and the length of the 
petpendicular drawn to it from the vertex of 
the right angle. 

What restriction is there on the values of 
.the given lines ? 

^^ 97. To construct a right triangle, having given the hypotenuse and 
a leg. 

What restriction is there on the values of the given lines ? 

98. Given the base of a triangle and the 
perpendiculars from its extremities to the other 
sides, to construct the triangle. (§ 225.) Uj 

What restriction is there on the values of 
the given lines ? 

99. To describe a circle of given radius tangent to two given 
intersecting lines. 

(Draw a il to one of the lines at a distance equal to the radius.) 

100. To describe a circle tangent to a given straight line, having 
its centre at a given point without the line. 

101. To construct a circle having its centre in a given line, and 
passing through two given points without the line. (§ 163.) 

-^ What restriction is there on the positions of the given points ? 

102. In a given straight line to find a point equally distant from ' 
two given intersecting lines. (§ 101.) 

103. Given a side and the diagonals of a parallelogram, to con- 
struct the parallelogram. 

What restriction is there on the values of the given lines ? 

" .104. Through a given point without a given straight line, to 

^v describe a circle tangent to the given line at a given point. (§ 163.) 
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105. Through a given point within a circle to 
draw a chord equal to a given chord. (§ 164.) 

What restriction is there on the position of the 
given point? 

106. Through a given point to describe a circle of given radius 
tangont to a given straight line. 

(Draw a II to the given line at a distance equal to the radius.) 

107. To describe a circle of given radius 
tangont to two given circles. 

(To describe a O of radius m tangent to 
two given (S) whose radii are n and p, respec- 
tively. ) 

^yhat restriction is there on the value of m ? 

108. To describe a cirde tangent to two given parallels, and pass- 
ing thnnigh a giN-cn point 

What i^striction is there on the position of the given point ? 

109. To describe a circle of given radius, tangent to a given line 
and a giwm circle. 

(Draw a II to tlie given line at a distance equal to the given radius.) 

\ 110» To construct a parallelc^jam, having given a side, an ang^e, 
and Uic diagonal drawn from the vertex of the angle. 

111« In a given triangle to inscribe a rfaombos, having one of its 
angles coincident vritli an angle of the triangle. 

(Bisect the Z which is common to the A and the riiomboa.) 

112. To describe a drcle touching tivo given intarseding lines, 
one of them at a given point. (§ l<!$d,) 




lis. In a giTen sector to iiwcribe a circle. 
(Ilie |>roblem is the same as inscribing a O in 

A O'OjO.) 



114. tn It giv^en rig^t triM)g)e to iodcribe a sqmre^ Iatii^ one 

o( itfi ang^ ooivieiklent wit^ the right angie ol i3w 




US. T^rci^ a VM1«K of 4 uiaa^ to 4mw a «tn|^ liae 
<dU«tM[it i^K)«A ^ Oilier vevt^oM. 



X 



THE CIRCLE. 



121 




116. Given the base, the altitude, and the vertical angle of a tri- 
angle, to construct the triangle. (§ 226.) 

(Construct on the given base as a chord a segment which shall 
contain the given Z.) 

117. Given the base of a triangle, its vertical angle, and the 
median drawn to the base, to construct the triangle. 

118. To construct a triangle, having given the q 
middle points of its sides. 

119. Given two sides of a triangle, and the 
median drawn to the third side, to construct 
the triangle. 

(Construct AABD with its sides equal to g 
?», n, and 2p, respectively.) 

What restriction is there on the values of 
the given lines ? 

120. Given the base, the altitude, and the radius of the circum- 
scribed circle of a triangle, to construct the triangle. 

(The centre of the circumscribed O lies at a distance from each 
vertex equal to the radius of the O.) 

121. To draw common tangents to two given circles which do not 
intersfect. 

B 

C 






(To draw exterior common tangents, describe O AA' with its radius 
equal to the difference of the radii of the given (D. 

To draw i7Uerior common tangents, describe QAA' with its radius 
equal to the sum of the radii of the given (D.) 



Note. For additional exercises on Book II., see p. 224. 
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Book III. 

THEORY OP PROPORTION. -SIMILAR 

POLYGONS. 

DEFINITIONS. 

227. A Proportion is a statement that two ratios are 
equal. 

228. The statement that the ratio of a to 6 is equal to the 
ratio of c to d, may be written in either of the forms 

a:b = c:d, or- = — 

b d 

22B. The first and fourth terms of a proportion are called 
the extremes, and the second and third terms the meaiis. 

The first and third terms are called the antecedents, and 
the second and fourth terms the (^m^guents. 

Thus, in the proportion a:9=c:d, a and d are the 
extremes, b and c the means, a and c the antecedents^ and 
b and d the consequents. 

230. If the means of a proportion are equal, either mean 
is called a mean proportional between the first and last terms, 
and the last term is called a third proportional to the first 
and second terms. 

Thus, in the proportion a:b = b: c,b is a mean propor- 
tional between a and c, and c a third proportional to a and &. 

23L A fourth prajrortional to three quantities is the 
fo\irth term of a proportion, whose first three terms are the 
three q\mntities taken in their order. 

Thus, in the proportion a:b = c:d, d isa fourth propor- 
tional to Oi 6| and c. 
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Pbop. I. Theorem. 

In any proportion^ the product of the extremes is equal 
to the prodvM of the means, 

Oiven the proportion "a : 6 = c : d. 

To Prove ad = he. 

Proof. By §228, ? = ^. 

a 

Multiplying both members of this equation by hd, 

ad = bc. 



Cor. Hie mean proportional between two quantities 
is equal to the square root of their product. 

Oiven the proportion a:-b = b:c, (1) 

To Prove b = Vac- 

Proof. From(l), t/^ac. (§232) 

.'. b =Vac. 

Prop. II. Theorem. 

234. (Converse of Prop. I.) If the product of two quarv- 
tities is equal to the product of two others, one pair may be 
made the extremes, and the other pair the means, of a 
proportion. 

Oiven ad = be. (1) 

To Prove a:b = c:d. 

Proof. Dividing both members of (1) by bd, 

ad _ 6c 
bd bd 



Or, 



a_c 
b^d 



Then by § 228, a:b = c:d. 

In like manner^ aic^bid, 

b:a = d:c, etc. 
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Prop. III. Theorem. 

235. In any proportion, the terms are in proportion by 
Alternation ; tluU is, the first term is to the third as the 
second term is to the fourth. 

Given the proportion a:h = c:d. (1) 

To Prove a\c = hid. 

Proof. From (1), ad = he. (§ 232) 

.-. a:c = 6:d. (§ 234) 

Prop. IV. Theorem. 

236. In any proportion, the terms are in proportion by 
Inversion; that is, the second term is to the first as the 
fourth term is to the third. 

Given the proportion a\b = c\d. (1) 

To Prove 6 : a = d : c 

Proof. From (1), ad^bc (?) 

.•. 6 : a = d : c. (?) 

Prop. V. Theorem. 

337. In any proportion^ the terms are m proportion by 
Composition ; that is, the sum of the first two terms is to 
the first term as the sum of the last two terms istotfte third 
t^tm. 

OiVW the proportion a:b=^c:d. (1) 

Te fWTt a'\-b:a = C'\'d:c. 

Proof. From (1), ad = &c (?) 

Adding both members of the equation to ac^ 

oc + ad = ac4-&c 

Factoring, a(c -f- ^ = c(a + h). 

.'. a^hia==c-\-d:c d 2S4) 

In like »ianneiv a'\-b:htMkC'^d^d. 
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Prop. VI. Theorem. 

In any proportion, the terms are in proportion by 
Division ; tha^ is, the difference of the first two term& is to 
the first term as the difference of the last two terms is to the 
third term. 

m 

Oiven the proportion a:b=ic':d, (1) 

in which a>b and c>d. 
To Prove a^b:a = c — d:c. 

Proof. From (1), ad = be. (?) 

Subtracting both members of the equation from ao, 

ac ^ ad = ac — bc. 
Factoring, a(c — d) = c(a — b). 

.'. a^b:a = c — dic. (?) 

In like manner, a^b:b = c — d:d. 

Prop. VII. Theorem. 

239. In any proportion, the terms are in proportion by 
Composition and Division; that is, the s\im of the first 
two terms is to their difference as the sum of the last two 
terms is to their difference. 

Oiven the proportion a\b — c:d, (1) 

in which a > 6 and c>d. 

To Prove a + 6:a — & = c4-<^:c — d. 

Proof. From(l), a±b^c_±d^ ^g 237) 

a c 

and 55^ = ^^^ (§ 238) 

a c 

Dividing the first equation by the second, 

a + b c-^d 
a — b c — d 

.% a + b : a — b = c + d : c — d. 
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Prop. VIII. Theobem. 

2M. In a aeries of equal ratioSf the sum of all the antwe* 
dents is to the s^im of all the consequents as any antecedent 
is to its consequent. 

Given a : & = c : d = e :/. (1) 

To Prove a-\-c + e:b-\-d +/= a : h. 

Proof. We have ba = ab. 

Also, from (1), be = ad, 

and be = af (?) 

Adding, ba-^-bc + be^ ab + ad + <rf. 

.-. b(a + c-\-e)=za(b + d+f). 
.-. a + c-^eib + d +/= a : 6. (?) 

Prop. IX. Theorem. 

241. In any proportion, like powers or like roots of the 
tenns are in proportion. 

Oiven the proportion a:b = c:d. (1) 

To Prove a" : 6* = <5" : cP*. 

Proof. From(l), 5 = ^ 

b d 

Raising both members to the nth power, 

ft»~d» 
.'. a* : ft* = ci" : (^. 

In like manner, "v^ : Vft = \^c : -v^ 

Wote. Tho ratio of t¥ro nmgnitudeB of the same kind is equal 
to tho ratio of their numerical measures when referred to a common 
unit (I 18!)) ; hence, in any proportion involving the ratio of two 
magnttudos of the same kind, we may re-gard the ratio of the mag- 
nituflos as roplaood by the ratio of their numerical measures when 
wferitHl to a common unit. 

Thus, let AH, CI), Kh\ and (?i7be four lines such thit 

APiCD-EFiGH. 

Thon, AUxGH^CDx EF. (S 2SS) 
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This means that the product of the numerical measures of AB and 
GHia equal to the product of the numerical measures of CD and EF, 

An interpretation of this nature must be given to all applications 
of §§ 232, 2d8 and 241. 

EXERCISES. 

*s^ 1. Phid a fourth proportional to 65, 80, and 91. • f . 

>/ 2. Find a mean proportional between 28 and 63. ' 

X 3. Find a third proportional to f a^d J. ' 

^ 4. What is the second term of a proportion whose first, third, and 
fourth terms are 45, 100, and 224, respectively ? 

PROPORTIONAL LINES. 

Prop. X. Theorem. 

242. If a series of parallels, cutting two straight lines, 
intercept equal distances on one of these lines, they also inter^ 
cept equal distances on the other. 





Given lines AB and A'B cut by lis (7(7', DD\ EE\ and 
FF^ at points C, D, E, F, and O, D\ E\ F", respectively, 

so that CD = DE == EF. 

To Prove CD' = D'E= EF\ 

Proof. In trapezoid OCE'E, by hyp., DD' is II to the 
bases, and bisects CE ; it therefore bisects C'E', (§ 133) 

A C'D' = D'E\ (1) 

In like manner, in trapezoid DD'F'F, EE' is II to the 
bases, and bisects DF. 

.-. D'E' = EF'. (2) 

I^om (1) and (2), CD' ^ D'E[ = E'F'. (?) 



1 
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243. Def.. Two straight lines are said to be divided pro- 
portionally when their corresponding segments are in the 
same ratio as the lines themselves. A E B 

Thus, lines AB and CD are divided i 1 1 

proportionally if C F D 

AE^BE^AB 
CF DF CD 



Prop. XI. Theorek. 

244. A parallel to one side of a triangle divides the other 
two sides proportionally. 

Case L When the segments of each side are commensur 
Table. 

A 



Oivan, in A ABC, segments AD and BD of side AB 
commensurable, and line DE II BC, meeting AC at E. 

To Prove AD^AE^ 

BD CE 
Proof. Let AF be a common measure of AD and BD ; 
and let it be contained 4 times in AD, and 3 times in BD, 

AD 4: ,.. 

•"• BD—S (') 

Drawing lis to BC through the several points of division 
of AB, AE will be divided into 4 parts, and CE into 3 
parts, all of which parts are equal. (§ 242) 

AE 4 



CE 8 



(2) 



From (1) and (2), |§ = ^- (?) 



THEORY OP PROPOBTION. 129 

Case n. When the segments of each side are incommen- 
surable. 

A 




Oiven, in A ABC, segments AD and BD of side AB 
incommensurable, and line DE li BO, meeting AC at E. 

AD AE 



To Prove 



BD CE 



Proof. Let AD be divided into any number of equal 
parts, and let one of these parts be applied to BD as a 
unit of measure. 

Since AD and BD are incommensurable, a certain num- 
ber of the equal parts will extend from D to B', leaving a 
remainder BB' < one of the equal parts. 

Draw line B'C II BC, meeting AC at C 

Then, since AD and B'D are commensurable, 

|§ = ^- (§244, Case I.) 

Now let the number of subdivisions of AD be indefinitely 
increased. 

Then the unit of measure will be indefinitely diminished, 
and the remainder BB^ will approach the limit 0. 

Then, — -- will approach the limit — — , 

B'D BD 

and — — will approach the limit —— • 

C^E CE 

By the Theorem of Limits, these limits are equal. (?) 

AD^AE 
* * BD CE 
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24& Cor. I. We may write the result of § 244, 

AD:BD=^AE:CE. (1) 

.-. AD + BD:AD==AE-hCE:AE. (§ 237) 

,'. AB:AD=AC:AE. ^ (2) 

In like manner, AB:BD = AO: CE. (3) 

24a Cor. n. From (2), § 245, 

AB:AC = AD:AE, 
and from (3), AB:AC=BD: CE. (§ 235) 

Then, by Ax. 1, _=:_ = _. (4) 

247. Sch. The proportions (1), (2), (3), and (4), of 
§§ 245 and 246, are all included in the general statement, 

A parallel to one side of a triangle divides the other ttm 
sides proportionally. 

Prop. XII. Theorem. 

248. (Converse of Prop. XI.) A line which -divides two 
sides of a triangle proportionally isparalld to the third side, 

A 




B C 

Given, in AABC, line DE meeting AB and AC at D and 
E respectively, so that 

AB^AC 
AD AE 

To Prove DEWBC 

Proof. If DE is not II i5(7, draw line DF II BC, meeting 

AC at F. 

AB AC 



AD AF 



(§247) 



^ 



But by hyp., 
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AB AC 



AD AE 
AG AG 



(?) 



" AE AF 
.-. AE = AF. 
THen, DF coincides with DE, and DE II BG. (I 

Prop. XIII. Theorem. 

249. In any triangle, the bisector, of an angle divides the 
opposite side into segments proportional to the adjacent sides. 





B ^ D 
Given line AD bisecting Z ^ of A ABG, meeting BG at D, 

To Prove ^=4^. 

DG AG 

Proof. Draw line BE II AD, meeting GA produced at E, 
Then, since lis AD and BE are cut by AB, 

Z ABE = Z BAD. (?) 

And since lis AD and BE are cut by GE, 

Z AEB = Z GAD. (?) 

But by hyp., ZBAD = Z GAD. 

.-. ZABE = ZAEB. (?) 

.-. AB = AE. (?) 

Now since AD is II to side BE of A BGE, 

Putting for AE its equal AB, we have 

DB^AB 
DG AC 



182 
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250. Daf . The segments of a line by a point are the dis- 
tances from the point to the extremities of the line, whether 
the point is in the line itself, or in the line produced. 

Prop. XIV^^?PM5tEM. 



In any triangle the bisector of an exterior angle divides 
the opposite side externally into segments proportional to the 
adjacent sides. 

Note. The theorem does not hold for the exterior angle at the 
vertex of an isoiceles triangle. 

E 

A 





D B 

Given line AD bisecting ext. Z BAE of A -ABO, meeting 
CB produced at D. 

To Prove DB^AB 

DC AC 
(Draw BF II AD ; then Z ABF=Z AFB, and AF== AB; 
F is II to side AD ol A ACD,) 




SIMILAR POLYGONS. 

Def . Two polygons are said to be similar if they 
are mutually equiangular (§ 122), and have their homolo- 
gous sides (§ 123) proportional 

B 





and, 



D E* i>' 

Thus, polygons ABCDE and A'BOD'E^ are similar if 

ZA=^ZA\ Z B =^ Z B', eixi., 
AB ^BC ^ CD 
A'B' EO CD^ 



etc 
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\. Sch. The following are given for reference : 

1. In similar polygons, the homologous angles are equal. 

2. In similar polygons, the homologous sides are propor^ 
Uonal, 

Pbop. XV. Theorem. 



t. Two triangles are similar when they are mutually 
equiangular. 

A 




B Tj 

Given, in A ABC and A'B'C', 

ZA = ZA', ZB=ZB', andZ(7=ZC. 
To Prove A ABC and A'B'C similar. 

Proof. Place AA'B'C in the position ADE-, Z A coin- 
ciding with its equal Z A, vertices -B' and C" falling at D 
and E, respectively, and side B^C at DE. 

Since, by hyp., Z ADE = ZB, DE II BC. (?) 

AB AC 



AD AE 



(§247) 



That is, J| = i|- (1) 

In like manner, by placing AA'B'O so that Z B' shall 
coincide with its equal Z B, vertices A' and O falling on 
sides AB and BC, respectively, we may prove 

AB BC 



A'B' B'C 



(2) 



From (1) and (2), ^, = ^, = |§- (?) 

Then, A ABC and A'B^C have their homologous sides 
proportional, and are similar. (§ 252) 
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2S5. Oor. I. Two triangles are similar when two angles of 

071 f are et^aal respectively to two angles of the other. 

For th(Mr remaining A are equal each to each. (§ 86) 

286. Oor. n. Two right triangles are similar when on 
acute (inyle of one is equal to an acute angle of the other, 

257. Oor. m. If a line be drawn between two sides of a 

trfntiylfi parallel to the third side, the tri- 
anyff*. formed is similar to the given 
triangle. 

Given line DE II to side BO of 
A A H(.\ meeting AB and AC at D 
and K^ rPHpec-tively. 

To Prove A ADE similar to A ABO. 

(Thn A lire mutually equiangular.) 

268. Boh. In similar triangles, the homologous sides lie 
opposite the eqmtt angles. 

Prop. XVI. Thbobem. 

2B9. Two triangles art similar wTien their homologous 
sides are proportional. 





Oivea, In A ABC and ^'^C*, 

AB AC BC 



Air A'ty B'O 
To Prove A ABC and A'B^C similar. 

Preef . On A B aud AC take AD = A'ff satdAE^ A'O. 
Draw Hue l>Ki then, from the given proportion, 

AB^AO 
AD^AE 
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.-. DE II BC. 


(§248) 


Then, A ADE and ABO are similar. 


(§ 257) 


AB BC AB BO 
' ' AD DE' A'ff DE 


(S 263, 2) 


T. .r. V AB BO 
But by hyp., A>Ti-niri' 







.-. DE = B'O. 

.-. A ADE = A A'B'C. (§ 69) 

But, A ADE has been proved similar to A ABO, 
Hence, AA^B'O is similar to A ABC. 

260. Sch. To prove that two polygons in general are 
similar, it must be shown that they are mutually equiangu- 
lar, and have their homologous sides proportional (§ 252) ; 
but in the case of two triangles, each of these conditions 
involves the other (§§ 254, 259), so that it is only neces- 
sary to show that one of the tests of similarity is satisfied. 

Prop. XVII. Theorem. 

Two triangles are similar when they have an angle of 
one eqwal to an angle of the other, and the sides including these 
angles proportional. 





B 

Given, in A ABC and A^B'Cy 

A'B' AC 

To Prove A ABC and A'B'C similar. 

(Place A A'B^O in the position ADE ; by § 248, DE II BC^ 
the theorem follows by § 257.) 
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Prop. XVIII: Theorbil 

202. 7*"*') triantjJfs are nimilar tchen their tides are parol' 
tel v{U*h to nu'-h^ (9r }>er}peiuiicular each to each. 






P%i I ftg. f. I^. 5. 



Otirtn n\\\^n Afl AC. and BC, of A ABC, H respectively 
to niilrii A'li\ XC\ and IVC of A A B'C in Fig. 2, and ± 
rf»n|MMMivplv to siidos Air. A'C, and ^C of AA'B'C in 
Kin. a. 

To Provt A ,1 W and J'/rr similar. 

PfOOf S\n\H^ tho sidos of >$ A and ^4' are II each to each, 
or .1 «H^\^U U» «^oh» .v«4 and A' are either equal or snpple- 
lupiuarv. (§§ 81, 82, 83) 

U\ \\k^ wxiwxxx^r. .^ H and IT. and ^ C and C, are either 
<m)ua) (1^ «iu|»|>l^ui^utarv. 

NW uiav th^u uiaki^ tho following hypotheses with regard 
to X\\^ A of XUt^ ,tk: 

I. A k A-^tt .% H^»^2Tt.Ay C^C^2tLA^ 
^ .n J' - :? rt. .*. « + /«' = 1* rt ^ (7= C. 

i A-A\ B^Bf^^Tt.^. C^C = 2Tt.A. 

.\ A^A\ B^Bf. whence C=(7. (§8^ 

Ttw» ftwt lfv>ur hy^vtihw^'t^ ar« impossible: for, in either 
v^**^ ^h^ *ttw v^Jf t}h<i» *ix *'J of th«? two A woiild be >4 rt. A 

(§«) 
W*i ci*n uh^BL h*v*? only A = -lI'* B^ B. and (7= <7. 
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Sch. 1. In similar triangles whose sides are parallel 
each to each, the parallel sides are homologous. 

2. In similar tnangles whose sides are perpendicular eo/ch 
to each, the perpendicfidar sides are homologous. 

Prop. XIX. Theorem. 

264. The homologous altitudes of two similar triangles are 
in the same ratio as any two homologous sides. 





B D ~C B' D' (f 

Oiven AD and Aiy homologous altitudes of similar 
k^ABG and AB'O. 

To Prove AD^^^^^A^^BC_^ 

A'D' A'B' A^C BO 

(Kt. A ABD and ABD' are simUar by § 25^.) 

265. Sch. In two similar triangles, any two homologous 
lines are in the same ratio as any two homologous sides. 

EXERCISES. 

5. The sides of a triangle are AB = 8, BC= 6, and CA = 7; find 
the segments into which each side is divided by the bisector of the 
opposite angle. 

6. The sides of a triangle are AB = 5, BC = 7, and CA = 8 ; find 
the segments into which each side is divided by the bisector of the 
exterior angle at the opposite vertex. 

7. The sides of a triangle are 6, 7, and 9. The shortest side of 
a similar triangle is 14. What are the other two sides ? 

8. Two isosceles triangles are similar when their vertical angles 
are equal. (§ 255.) 

9. The base and altitude of a triangle are 6 ft. 10 in. and 3 ft. 

6 in., respectively. If the homologous base of a similar triangle is 

7 ft. 6 in., find its homologous altitude. » 
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Prop; XX. Theorem. 

366. Two polygonn are nimilar when they are compoted of 
the mime number of triangles, similar each to eachj and 

similarly placed. 





Oiven, in polygons AC and -4'C, A ABE similar to 
A A^WE', A BOE to A B'CTE^ and A CDE to A OD'E'. 

To Prove polygons AC and A'C similar. 

Proof. Since A ABE and A'B'E' are similar, 

AA^Z.A\ (?) 

Also, Z ABE = Z AB^E\ 

And since ▲ BCE and B'C'E' are similar, 

.\ Z ABE + Z ^2?(7 = Z ^'i5'.E;' + Z ^'5'(?. 
Or, ZABC=ZA'B'C'^ 

In like manner, Z 2?C/> = Z 5'(7Z>', etc. 
Then, AG and ^4'G' are mutually equiangular. 
Again, since A ABE is similar to AA'B*E\ and A BCE 

to As^as*, 

AB _ BE _ , J5i? _^B0 ,^. 



. AB ^ BC 



(?) 



Theti| AC ind ^'(7 have their homologous sides propor- 
tton(U« 
•■^^errfore, AC and .1*C are similar. f§ 252> 
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Prop. XXI. Theorem. 

^67. (Converse of Prop. XX.) Two similar polygons 
may be decomposed into the same number of triangles, similar 
each to each, and similarly placed, 

A 





Oiven E and E^ homologous vertices of similar polygons 
AC and A'O, and lines EB, EC, EB\ and EC. 

To Prove A ABE similar to AA'B'E', A BCE to 
A B'C'E, and A CDE to A CD'E. 

Proof. Since polygons AC and A^C^ are similar, 

Z^ = Z^' and 4^ = J^. (?) 

A'E' A'B ^ ' 

Then, A ABE and A!B^E' are similar. (§ 261) 

Again, since the polygons are similar, 

/.ABC^AAB'O, 
And since A ABE and AB'E^ are similar, 

Z ABE = Z A'B^E, 
.-. Z ABC - Z ABE = Z A'B'C - Z ABE'. 
Or, ZEBC=ZEB'a, 

AB BO 



Also, since the polygons are similar. 



And since A ABE and AB'E' are similar. 



^J5 B^ 



^'J5' B'E' 
BC BE .^^ 



BO BE 
Then, since Z EBC = Z EB'C, and ^ = ^, A 5(7^ 

and B'OE' are similar. (?) 

In like manner, we may prove A CDE and C'D'E' similar. 



140 
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Prop. XXII. Theorem. 

The perimeters of tico similar polygons are in the 
same ratio as any two homologous sides. 





Givea AB and A'B', BO and 5'(7', CD and C7'Z>', etc., 
homologous sides of similar polygons AC and A^C. 

To Prove 

AB+BC-{-CD + etc. _ AB _ BC _ CD ^^ 



^'J5' -f ^'0' + CD' + etc. A'B' BC' CD'' 
(Apply § 240 to the equal ratios of § 252.) 

Prop. XXIII. Theorem. 



> 



K If a perpendicular be drawn from the vertex of the 
right angle to the hypotenuse of a right triangle, 

I. The triangles formed are similar to the whole triangle, 
and to each other. 

n. The perpendicular is a mean proportional between the 
segments of the hypotenuse. 

III. Either leg is a mean proportional between the whole 
hypotenuse and the adjacent segment. 




A D B 

OivMi line CD X hypotenuse AB of rt A ABC. 
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I. To Prove A ACD and BCD similar to A ABC, and to 
each other. 

Proof. In rt. A ACD and ABC, 

AA = AA, 

Then, A ACD is similar to A ABC (§ 256) 

In like manner, A BCD is similar to A ABC, 

Then, A ACD and BCD are similar to each other, for 
each is similar to A ABC 

II. To Prove AD : CD =^ CD: BD. 
Proof. Since A ACD and BCD are similar, 

Z ^CZ> = Z 5 and Z ^.= Z ^CD. (§ 253, 1) 

In A -4(7Z) and BCD, AD and (7Z> are homologous sides, 
for they lie opposite the equal A ACD and B, respectively ; 
also, CD and BD are homologous sides, for they lie opposite 
the equal A A and BCD, respectively. (§ 26^) 

••. AD:CD=CD:BD. (?) 

III. To Prove AB:AC=AC:AD. 
Proof. Since A ABC and ACD are similar, 

Z ACB = Z ADCsLnd ZB = Z ACD. (?) 

In A ABC and ^GD, AB and -40 are homologous sides, 
for they lie opposite the equal A ACB and ADC, respec- 
tively; also, ^(7 and AD are homologous sides, for they lie 
opposite the equal A B and ACD, respectively* (?) 

.'. AB'.AC=AC:AI>. (?) 

In like manner, AB:BC = BC: BD. 

270. Cor. I. Since an angle inscribed in a semicircle 
is a right angle (§ 195), it follows that : 

If a perpendicular be drawn from any 
point in the circumfere^ice of a circle to 
a diximeter, 

1. The perpendicular is a mean proportional between the 
segments of the diameter. 
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2. Th0i rhnrd Joining the point to either extremity of the 
tl(amt*fpr in a mvan pmiyoriionaX between the tcJiole diameter 
ami ihr wljaovni i»t*gmpnt» 

271. Oor. n. The three proportions of § 26.9 give 

(Tlf^ADxBDj 

ftml W^^ABxBD. (?) 

ftnnnp» \f a p<*riH*nfii^tihr he draivn from the vertex of the 
riifhf riMf|/f» ff> thp At//H>ff»HM^w» of a right triangle, 

1 . Thp nr/»^fW¥ r\f thp fyprfmidicnlar i8 equal to the pi'odmct 
t\f the i^mpntn t\f the h^intteuu^e, 

2. The .iT/MfMV if either leg is equal to the product of the 
f»^r>/i> hifih)tPi^f9^ riMcl the a^u^nt segmetit. 

An RtAtiMl in Note» \\ llHs these equations mean that the 
iiqU(ir« of tht» «Mmf»rtV\il measure of CD is equal to the 
prtnluot of the, n^men<Ktl measures of AD and BD, etc 

Prop. XXIV, Throrkx. 

872w tn vv^(if ri^t fru^Hg^e^ the sqnare of the higpoienuse 
«'« f^Hvt/ h) the ^m '(\f tke ^qnojte^ of ike iegt. 




D B 

QtVW AS tfe« h>rpot«ett»a^ of rt A ABCL 
M^ BC^^ABxBB. ($271,2) 
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273. Cor. I. It follows from § 272 that 

AC'^AS-W\ and B& = A^-A^. 

That is, in any right tnangle, the square of either leg is 
equal to the square of the hypotenuse, minus the square of 
the other leg. 

274. Cor. n. If AC is a diagonal of square ABCD, 
AC'=:AB''^BC^ = Aff + AB'. (§272) j^ ^3 

.-. AC' = 2 JOS'. 
Dividing both members by Aff, 




4^ = 2, or 4^.==^' 
AB" ^ 

Hence, the diagonal of a square is incommensurable with 

Us side (§ 181). y 

A EXERCISES. 

10. The perimeters of two similar polygons are 119 and 68 ; if a 
side of the first is 21, what is the homologous side of the second ? 

11. What is the length of the tangent to a circle whose diameter 
Is 16, from a point whose distance from the centre is 17 ? 

12. What is the length of the longest straight line which can be 
drawn on a floor 33 ft. 4 in. long, and 16 ft. 3 in. wide ? 

13. A ladder 32 ft. 6 in. long is placed so that it just reaches a 
window 26 ft. above the street ; and when turned about its foot, just 
reaches a window 16 ft. 6 in. above the street on the other side. Find 
the width of the street. 

14. The altitude of an equilateral triangle is 5 ; what is its side ? 

15. Find the length of Jthe diagonal of a square whose side is 
1 ft. 3 in. 

16. One of the non-parallel sides of a trapezoid is perpendicular 
to the bases. If the length of this side is 40, and of the parallel sides 
j31 and 22, respectively, what is the length of the other side ? 

17. The length of the tangent to a circle, whose diameter is 80, 
from a point without the circumference, is 42. What is the distance 
of the point from the centre ? 

18. If the length of the common chord of two intersecting circles 
Is 16, and their radii are 10 and 17, what is the distance between 
their centres ? (§ 178.) 
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DEFINITIONS. 

27S. The projection of a point upon a straight line of 
indf^finit^, len^h, is the foot of the per- 
peTidiciiIar drawn from the point to the 
line. 

Thiifl, if line AA^ be perpendicular to 
line r7>, the projection of point A on 
line VI) is point A\ 




B^ 



276. Tlie prnjprfion of a finite straight line upon a straight 
line of indefinite lengt^h, is that portion of the second line 
included between the projections of the extremities of the 
iirst. 

Tims, if lines AA' and BB' be perpendicular to line CD, 
the projection of line AB upon line CD is line A'B'. 



Prop. XXV. Theorem 

277. Tn a»if/ triangle^ the square of the side opposite an 
arute angle is equal to the sum of the squares of the other 
two sifies, minus twice the product of one of these sides and 
the projection of the other side upon it. 





OivBn C an acute Z of A ABC^ and CD the projection of 
side AC upon side CB^ produced if necessary. (§ 276) 

TbProvB AB^ = BC'^AiT-2BCyiCD. 

Pr«of. Draw line AD ; then, ADA. CD. (| 276) 

There will be two cases according as D falls on CB 
(Fig. 1)» or on CB produced (Fig, 2). 
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In Fig. 1, BD = BC^ CD. 

In Fig. 2, BD=CD- BC. 

Squaring both members of the equation, we have by the 
algebraic rule for the square of the difference of two num- 
bers, in either case, 

BD' = BC^-hCL^-2BCxCD. 



Adding AD to both members, 

AD'+B& = BG^'^AD''^CD'-2BGx CD. 
But in rt. A ABD and ACD, 

ad" -{- W == Aff, 

and Aff + 05" = AC^. (§ 272) 

Substituting these values, we have 

Aff =50* + AC^ - 2 J5 a X CD. 

Prop. XXVI. Theorem. 

278. In any triangle having an obtuse angle, the square of 
the side opposite the obtuse angle is equal to the sum of the 
squares of the other two sides, plus twice the product of one of 
these sides and the projection of the otJier side upon it. 



Oiven C an obtuse Z of A ABC, and CD the projection 
of side AC upon side BC produced. 

To Prove AB'^BC^ + AG^ + 2BC x CD. 

(We have BD = BC-{- CD-, square both members, using 
the algebraic rule for the square of the sum of two num- 
bers^ and then add AJf to both members.) 
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Prop. XXVIL Theorem. 

279. In any triangle^ if a median be draum from the vertex 
to the baste^ 

I. Tlie mm of the wjnarea of the other two sides is equal 
to ttrice the square of half t/ie base, plus twice the square of 
tJie median. 

1 1. The difference of the squares of the other two sides is 
equal to twice the product of the base aiid the projection of the 
median upon the base, 

C 



A DEB 

Oivan DE the projection of median CD upon base AB of 

AAIiO-j mdAa>na 

ToProva I. J[U^ + BC^ = 2AS^ + 2C^. 
11. AC^-BG^=^2ABxDE. 

Proof. 8inoe AC>BC,E falls between B and D. 
Then, Z ADO is obtuse, and Z BDG acute. 
Hence, in A ADC and BDC, 

A(f =: A& -f 05" + 2 uli) X DEy (§ 278) 

and EC^ =» Blf ^Cl?-2BDy. DE. (§ 277) 

But by hyp., BD =: AD. 

.% A(f^Ai?'\'CD^ + ABy.DEy (1) 

and B^^AL^-^C^^ABxDE. (2) 

Adding (1) and (2), we have 

A(P-hBC' = 2AS^ + 2CS^. 
Subtracting (2) from (1), we have 

AC^SG'r=x2ABxDE. 



X 
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Prop. XXVIII. Theorem. 



280. If any two chords he drawn through a fixed point 
within a circle, the product of the segments of one chord is 
equal to the product of the segments of the other. 




Oiven AB and AB> any two chords passing through fixed 
point P within O AAB, 

To Prove APx BP= AP x B'P. 

Proof. Draw lines AA! and BB\ 

Then, in A AA!P and BB'P, 

ZA=ZB', 
for each is measured by ^ arc A^B, (?) 

In like manner, Z A' =ZB, 

Then, A AA'P and BB'P are similar. (?) 

In similar A AA'P and BB'P, sides AP and B'P are 
homologous, as also are sides A'P and BP, (§ 258) 

.*, AP: A^ = BP : BP' (?) 

.-. APxBP= A'P X BR (?) 

281. Soh. The proportion of § 280 may be written 

AP BP AP 1 



or 



AP^BP' AP" BP 

BP 

If two magnitudes, such as the segments of a chord pass- 
ing through a fixed point, are so related that the ratio of 
any two values of one is equal to the reciprocal of the ratio 
of the corresponding values of the other, they are said to 
be reciprocally proportional. 
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Then, the theorem may be written, 

If anff Uco chords be drawn through a fixed point unthin 
a circie^ their segments are reciprocally proportional. 

Prop. XXIX. Theorem. 

282. If through a fixed point without a circle a secant and 
a tangent be draicny the product of the whole secant and its 
external segment is equal to the square of the tangent. 




Oiven AP a secant, and CP a tangent, passing through 
fixed point P without O ABC, 

To Prove AP x 5P= CP. 

{Z A = Z.BCP, for each is measured by ^arc5(7(?); 
then A ACP and BCP are similar, and their homologous 
aides are proportional.) 

283. Cor. I. If through a fixed point without a circle a 
secant and a tangent be drawn, the tangent is a mean pro- 
portional between the tohole secant and its eoetemal segment. 

284. Cor. n. If any two secants 
be drawn through a fixed point without 
a circle, the product of one and its 
external segment is equal, to the prod- 
uct of the other and its external seg- 
ment, 

Oiven P any point without QABC, and AP and A^P 
secants intersecting the circumference at A and B, and A' 
and B', respectively. 




^ 
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To Prove APxBP= A'P x B'R 

(We have AP x BP and A'P x B'P each equal to CP.) 

285. Cor. m. If any two secants he drawn through a 
fixed point without a circle, the whole secants and their ex- 
ternal segments are reciprocally proportional (§ 281). 

EXERCISES. 

Id.y Find the length of the common tangent to two circles whose 
radifare 11 and 18, if the distance between their centres is 25. 

120.) ABIb the hyx)otenuse of right triangle ABC, If perpendicu- 
lai^lSe drawn to AB BtA and B, meeting ^C produced at D, and BO 
produced at E, prove triangles ACE and BCD similar. 



Prop. XXX. Theorem. 



286. In any triangle, the product of any two sides is equal 
to the diameter of the circumscribed circle, multiplied by the 
perpendicular draum to the third side from the vertex of the 
opposite angle. 



A 




Oiven AD a diameter of the circumscribed QAOD of 
A ABC, and line AE±Ba 

To Prove ABx AC^^AD x AE, 

(In rt. AABD and ACE, ZD = ZC; then, the A are 
similar, and their homologous sides are proportional.) 

287. Cor. In any triangle, the diameter of the drcum- 
scribed circle is equM to the product of any two sides divided 
by the perpendicular drawn to the third side from the vertex 
of ^ opposite angle. 
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Prop. XXXI. Theorem. 

In any trinufjle, the product of any two aides is 
equal to the product of the segments of the third side formed 
by the bisector of the opposite angle, plus the square of the 
bisector. 




Oiven, in A ABC, line AD bisecting ZA, meeting BO 
at D. 

To Prove AB x AC=BD x DC -^ Aff. 

Proof. Circumscribe a O about A ABC; produce AD to 
meet the circumference at E, and draw line CU. 
Then in A ABD and ACE, by hyp., 

Z BAD = Z CAE. 

Also, /.B = /.E, 

since each is measured by \ arc AC (?) 

Then, A ABD and ACE are similar. (?) 

In A ABD and ACE, sides AB pjid AE are homologous, 
as also are sides AD and AC (§ 258) 

.-. AB\AD=rAE:AC (?) 

.\ ABxAC==ADxAE (?) 

^ADx (DE + AD) 
^ADxDE + Aff. 

But ADxDE = BDx DC (§ 280) 

.-. ABxAC=BDxDC+AJO^. 
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EXERCISES. 

21. The square of the altitade of an equilateral triangle is equal 
to three-fourths the square of the side. 

22. If AD is the perpendicular from A to side BC of triangle 

^B(7, prove _2 _„ __. — » 

Aff - AC^ = BIT - CL^. 

23. If one leg of a right triangle is double the .other, the perpen- 
dicular from the vertex of the right angle to the hypotenuse divides 
it into segments which are to each other as 1 to 4. (§ 271.) 

24. If two parallels to side BC of triangle ABC meet sides AB 
and AC Skt D and F, and E and G, respectively, prove 

BD^BF^DF^ (§247.) 
CE Ca EG ^^ ^ 

25. C and D are respectively the middle points of a chord AB 
and its subtended arc. If AD = 12 and CD = 8, what is the diame- 
ter of the circle ? (§ 271.) 

26. If AD and BE are the perpendiculars from vertices A and B 
of triangle ABC to the opposite sides, prove 

AC:DC=BC'.EC, 

(Prove ^ ACD and BCE similar.) 

27. If i> is the middle point of side BC of triangle ABG^ right- 
angled at (7, prove AB^ - AT? = 3 G&, 

28. The diameters of two concentric circles are 14 and 50 units, 
respectively. Find the length of a dhord of the greater circle which 

\ is tangent to the smaller. (§ 278.) 

* ?29. The length of a tangent to a circle from a point 8 units dis- 
tant from the nearest point of the circumference, is 12 units. What 
ig the diameter of the circle ? 
(Let X represent the radius.) 

30. The non-parallel sides AD and BC of trapezoid ABCD inter- 
sect at O. If AB = 15, CD = 24, and the altitude of the trapezoid is 
8, what is the altitude of triangle OAB ? (§ 264.) 

(Draw CEWAD,) 

31. If the equal sides of an isosceles right triangle are each 18 
units in length, what is the length of the median drawn from the 
vertex of the right angle ? 

32. The non-parallel sides of a trapezoid are each 53 units in 
length, and one of the parallel sides is 56 units longer than the other. 
Find the altitude of the trapezoid. 
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33. AB is a chord of a circle, and CE is any chord drawn throng 
the middle point C of arc AB, cutting chord AB at D. Prove AC 
a mean proportional between CD and CE. 

(Prove &,ACD and ACE similar.) 

34. Two secants are drawn to a circle from an outside point. If 
their external segments are 12 and 9, respectively, while the internal 
segment of the former is 8, what is the internal segment of the latter ? 
(§ 284.) 

35. If, in triangle ABC, Z (7 = 120°, prove 

A& = BC^ + 2C* + ACx BC. 
(Fig. of Prop. XX VI. A AC D is one-half an equilateral A.) 

36. BC is the base of an isosceles triangle ABC inscribed in a 
circle. If a chord ^Z> be drawn cutting BC bX E, prove 

ADiAB^ABi AE, 

(Prove ^ ABD and ABE similar.) 

37. Two parallel chords on opposite sides of the centre of a circle 
are 48 units and 14 units long, respectively, and the distance between 
their middle points is 31 units. What is the diameter of the circle ? 

(Let X represent the distance from the centre to the middle point 
of one chord, and 31 — x the distance from the centre to the middle 
point of the other. Then the square of the radius may be expressed 
in two ways in terms of a;.) 

38. ABC is a triangle inscribed in a circle. Another circle is 
drawn tangent to the first externally at (7, and AC and BC are pro- 
duced to meet its circumference &t D and E, respectively. Prove tri- 
angles ABC and CDE similar. (§ 197.) 

(Draw a common tangent to the (D at C, Then BC and CE are 
arcs of the same number of degrees.) 

39. ABC and A'BC are triangles whose 
vertices A and A' lie in a parallel to their com- 
mon base BC. If a parallel to BC cuts AB 
and AC at D and E, and A'B and A^C at D' 
and E'^ respectively, prove DE = DE', 




f Prove ^=^5^.) 
V BC BC I 



40. A line parallel to the bases of a trapezoid, passing through 
the intersection of the diagonals, and terminating in the non-parallel 
sides, is bisected by the diagonals. (Ex. 39.) 

41. If the sides of triangle ABC are AB = 10, BC = 14, and 
CA = 16, find the lengths of the three medians. (§ 279, L) 
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42. If the sides of a triangle are AB = ^, AC = 6, and £C = 6, 

find the length of the bisector of angle A. (§§ 249, 288.) 

P 
C 

43. The tangents to two intersecting circles 
from any point in their common chord produced 
are equal. (§ 282.) 

'A" 

44. If two circles intersect, their common chord produced bisects 
their common tangents. 

45. AB and AG are the tangents to a circle from point A, If CD 
be drawn peri)endicular to radius OB at D, prove 

AB: OB = BD: CD. 

(Prove A OAB and BCD sunilar by § 262.) 

46. ABC is a triangle inscribed in a circle. A line AD is drawn 
from A to any point of BC^ and a chord BE is drawn, msiking 
Z ABE =/iADa Prove 

ABxAC = ADx AE. 

(Prove AB:AE=AD: AC) 

■ 47. The radius of a circle is 22^ units. Find the length of a chord 
which joins the points of contact of two tangents, each 30 units in 
length, drawn to the circle from a point without the circumference. 

(By § 271, 2, the radius is a mean proportional between the dis- 
tances from the centre to the chord and to the point without the cir- 
cumference; in this way the distance from the centre to the chord 
can be found.) 

48. If, in right triangle ABC, acute angle B is double acute angle 
A, prove AC^ = 3 BC^, (Ex. 104, p. 71.) 

49. Find the product of the segments of any chord drawn through 
a point 9 units from the centre of a circle whose diameter is 24 units. 

50. The hypotenuse of a right triangle is 5, and the perpendicular 
to it from the opposite vertex is 2|. Find the legs, and the segments 
into which the perpendicular divides the hypotenuse. (§ 271.) 

(Let X represent one of the segments of the hypotenuse.) 

51. State and prove the converse of Prop. XIII. 

(Fig. of Prop. XIII. To prove Z BAD = Z CAD, Produce CA to 
E, making AE = AB.) 

52: State and prove the converse of Prop. XIV. 
(Fig. of Prop. XIV. Lay off AF = AB.) 
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93. If D is the middle point of hypotenuse AB of rig^t trian^ 
ABC, prove 

CD^ = iiAff-^BC^-^CA'). (Ex, 83, p. 69.) 

54. If a line be drawn from vertex C of isosceles trian^e ABC, 
meeting base AB produced at D, prove 

C&- CB^ = ADx BD. (§ 278.) 

99. If AB is the base of isosceles triangle ABC, and AD be drawn 
perpendicular to BC, prove 

3 AB^ + B& + 2 CS" = Aff + BC* + CT. 
(We have SAD* = AD^ -^2A&,) 

56. The middle points of two chords are distant 5 and 9 units, 
respectively, from the middle points of their subtended arcs. If the 
length of the first chord is 20 units, find the length of the second. 

(Fmd the diameter by aid of § 270, 1.) 

57. The sides AB and AC, of triangle ABC, are 16 and 9, respec- 
tively, and the length of the median drawn from C is 11. Find side 
BC, (§ 279, I.) 

58. The diameter which bisects a chord whose length is 33| units, 
is 35 units in length. Find the distance from either extremity of the 
chord to the extremities of the diameter. 

(Let X represent one segment of the diameter made by the chord.) 

59. The equal angles of an isosceles triangle are each 30°, and the 
equal sides are each 8 units in length. What is the length of the 
base ? (Ex. 104, p. 71.) 

60. The diagonals of a trapezoid, whose bases are AD and BC, 
intersect at E. If AE = 9, EC = 3, and BD = 16, find BE and 
ED, 

(A AED and BEC are similar. Find BE by § 287.) 

61. Prove the theorem of § 284 by drawing A^B and AB*, 

62. The parallel sides, AD and BC, of a circumscribed trapezoid 
are 18 and 6, respectively, and the other two sides are equal to each 
other. Find the diameter of the circle. 

(Find AB by Ex. 31, p. 100. Draw through B a l! to CD.) 

63. An angle of a triangle is acute, right, or obtuse according as 
the square of the opposite side is less than, equal to, or greater than, 
the sum of the squares of the other two sides. 

(Prove by Beductio ad Absurdum.) 

64. Is the greatest angle of a triangle whose sides are 8, 5, and 6, 
acute, right, or obtuse ? 
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65. Is the greatest angle of a triangle whose sides are 8, 9, and 12, 
acute, right, or obtuse ? 

66. Is the greatest angle of a triangle whose sides are 12, 35, and 
37, acute, right, or obtuse ? 

67. If two adjacent sides and one of the diagonals of a parallelo- 
gram are 7, 9, and 8, respectively, find the other diagonal. 

(One-half of either diagonal is a median of the A whose sides are, 
respectively, the given sides and the other diagonal of the O.) 

68. If 2> is the intersection of the perpendiculars from the vertices 
of triangle ABC to the opposite sides, prove 

Aff - AC^ = BI? - CD^, (§ 272.) 

69. If a parallel to hypotenuse AB of right triangle ABC meets 
AC and BCaX D and U, respectively, prove 

AE^ + BD^ = A^ + DE\ 

70. The diameters of two circles are 12 and 28, respectively, and 
the distance between their centres is 29. Find the length of the 
common tangent which cuts the straight line joining the centres. 

(Find the X drawn from the centre of the smaller O to the radius 
of the greater O produced through the point of contact.) 

71. State and prove the converse of Prop. XXIII. , III. 
(Fig. of Prop. XXin. ^ABG and ACD are similar.) 

72. State and prove the converse of Prop. XXin., II. 

p 

73. The sum of the squares of the distances of 

any point in the circumference of a circle from 
the vertices of an inscribed square, is equal to 
twice the square of the diameter of the circle. 

(§1»5-) _ _ _, _ _ 

(To prove PA? -\-Pff +PC^+PB^=2 AC^.) 

74. The sides AB, BC, and CA, of triangle ABC, are 13, 14, and 
15, respectively. Find the segments into which AB and BC are di- 
vided by perpendiculars drawn from C and A, respectively. 

(A BAC and ^ CB are acute by § 98. Find the segments by § 277.) 

75. In right triangle ABC is inscribed a square DEFGr, having 
its vertices D and G in hypotenuse BC, and its vertices E and F 
in sides AB and AC, respectively. Prove BD : DE = DE : CQ. 

(ProTe ^ BDE and CFG similar.) 

Note. For additional exercises on Book III., see p. 226. 
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CONSTRUCTIONS. 

Prop. XXXIL Problem. 

2B9l To dicide a giten straight line into any number of 
equ€U parts. 




A 
Oiyen line AB. 

Seqnired to divide AB into four equal parts. 

Conitmction. On the indefinite line AC, take any con- 
venient length AD; on DC take DE = AD; on EC take 
EF= AD ; on FC take FG = AD ; and draw line BG. 

Draw lines DH, EK, and FL II BG, meeting AB at JJ, 
K^ and L^ respectively. 

.-. AH^ HK=^ KL = LB. (§ 242) 

Prop. XXXIII. Problem. 

290. To construct a fourth proportional (§ 231) to three 
given straight lines. 



n 






Oiyen lines m, n, and p. 

Bequired to construct a fourth proportional to m, n, and p. 
Oonitruotion. Draw the indefinite lines AB and ACj 
making any convenient Z with each other. 
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On AB take AD = m ; on DB take DE = n ; on AC take 
AF = p. 
Draw line DF; also, line EG II Di^, meeting ^(7 at Q. 
Then, FG is a fourth proportional to m, n, and jj. 
Proof. Since DF is II to side EG of A AKG, 

ADiDE^AFiFG. (?) 

That is, m:n=p:FG. 



Cor. K we take -4i^ = n, the proportion becomes 

m:n = n: FG, 
In this case, FG is a third proportional (§ 230) to m and n. 

Pbop. XXXIV. Pboblem. 

292. To construct a mean proportional (§ 230) between two 
given straight lines. 



m 



y 



i 



\ 



\ 



A wi B n IT 2 

Oiyen lines m and n. 

Eequired to construct a mean proportional between m 
and n. 

Constmction. On the indefinite line AE^ take AB = m ; 
on 5^ take 5(7 = n. 

With AC as a diameter, describe the semi-circumference 
ADC 

Draw line 5Z> ± AC, meeting the arc at D. 

Then, BD is a mean proportional between m and n. 

(The proof is left to the pupil ; see § 270.) 

293. Sch. By aid of § 292, a line may be constructed 
equal to Va, where a is any number whatever. 

Thus, to construct a line equal to V3, we take AB equal 
to 3 units, and BC equal to 1 unit 

Then, BD=VABx~BC{% 232) = V3xT = V3. 
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Pkop. XXXV. Probleic. 

2M. TV/ (Uvifh a giv^n straight line into parts prop o rtkmdl 

to any numher ofgicen lines. 



F^C 



m 




OH 
(Hven lirH; AH, and lines m, n, and|>. 

E«qilir«d to divide AB into parts proportional to m, n, 
and /;. 

Oonitmotion. On the indefinite line ^C, take^D = m; 
on 1)0 take DE =^ n\ on EC take EF = pj and draw line 

Draw lifiPH />r/ and E/l II to JB/^, meeting AB at (7 and 
//, n-HiMTtivi'Iy. 

TImmi, /1/i Ih divided into parts AO, OH, and HB propor- 
tional to 7/1, n, and p, respectively. 

Proof. Hin(^o DO is II to side ^^ of A AKH; 

A If AO OH 



AE AD DE 



(?) 



That is, f|=4^ = ^. (1) 

' AE m n ^ ^ 



And since EH is II to side BF of A ABF, 

AH^HB^HB 

AE EF p \ 



(2) 



From (1) and (2), ^ = ^^= ^. (?) 



I TS. Constraot a line eqaal to >/2; to V6; to V3. 
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Pbop. XXXVI. Problem. 

Upon a given side, homologous to a given side of a 
given polygon, to construct a polygon similar to the given 
polygon. 

D 




Given polygon ABODE, and line AB, 

Boqoired to construct upon side AB\ homologous* to AB, 
a polygon similar to ABODE. 

Con8tnioti<m. Divide polygon ABODE into A by draw- 
ing dis^onals EB and EO. 

At A' construct Z B'A'E' = ZA', and draw line B'E', 
m2ikmgZA'B'E' = ZABE, meeting A'E' at E'. 

Then, AA'B'E' will be similar to A ABE. (?) 

In like manner, construct AB'OE' similar to ABCE, 
and A CD'E' similar to A ODE. 

Then, polygon A'B'O'D'E' will be similar to polygon 
ABODE. (§ 266) 

296. Def. A straight line is said to be divided by a 
given point in extreme and mean ratio when one of the seg- 
ments (§ 250) ia a mean proportional between the whole 
line and the other segment. 

D ACS 

! , I ! I 

Thus, line AB is divided internally in extreme and mean 

ratio at O if 

AB:AO=AO:BOi 

and externally in esLtreme and mean ratio at D if 

AB:AD:r=AD'.BD. 



\ 



/ 
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Prop. XXXVIL Pboblem. 

^ To divide a given straight line in extreme and mean 
ratio (§ 296). 




15 

Oiyen line AR 

Saquind to divide AB in extreme and mean ratio. 

Conitnietion. Draw line BE±AB, and equal to ^AB, 
With £ as a centre and EB as a radius^ describe QBFO, 
Draw line AE cutting the circumference at F and (?. 
On AB take AC = AF; on BA produced, take AD = AQ. 
Then, AB is divided at C intemallj, and at D externally, 
in extreme and mean ratia 

Proof. Since AG is a secant, and AB a tangent, 

AO:AB=^AB:AF, (§283) 

.\ AG:AB = ABiAa^ (1) 

/f- .\ AQ-AB:AB = AB--AC:Aa (?) 

.-. AB:AO-AB = AC:Ba (?) 

But by cons., AB:=2BE=:FG. (2) 

Substituting, ABiAC^^ACiBC. (3) 

Therefore, .lUS is divided at C internally in extreme and 
mean ratia 

Again, from (1), 

AO-^^ABiAO^^AB + ACzAR^ (?) 

But, AO + AB^AD + AB:=BD. 

And by ^), AB + AC^FQ + AF^AQ. 
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.-. BD:AG = AG:AB. 

.'. AB:AG = AG: BD. (?) 

.-. AB\AD=^AD\BD. 

Therefore, AB is divided at D externally in extreme and 
mean ratio. 



Cor. If AB be denoted by m, and AC by x, propor- 
tion (3) of § 297 becomes 

mix=iX:m — x, 

.•: a? = m(in — x) = m^ — mx, (§ 232) 

Or, a? -f mx = m\ 

Multiplying by 4, and adding m^ to both members, 

4a^ -f 4maj -f m* = 4 m* + m^ = 5 m^. 

Extracting the square root of both members, 

2x-\'m = ± mV5. 

Since x cannot be negative, we take the positive sign 
before the radical sign; then, 

2aj=mV5 — m. 
Aa^(or^C) = ^(^-^) . 

EXERCISES. 

l^ 77. To inscribe in a given circle a triangle similar to a given 
triangle. (§ 261.) 

(Circomscribe a O about the given A, and draw radii to the 
vertices.) 

r 78. To circumscribe about a given circle a triangle similar to a 
given triangle, (f 202.) 



ff 
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X 299. 



AREAS OF POLYGONS 



Prop. I. Thsoi 



Ttro rectangles having eqwd altitudes are to each 
aihtr as th^r bases. 

Hote. The words ** rectan|de," '^puiDelopinm,'' "triangle," etc, 
in the propantiooB of Book IV., mean tbe amoutd <tf tw/coe in thi 

rectajngle, parallelogram, triangle, etc 

Caie L When the base^ are comvRensurahle. 





Oiven rectangles ABCD and EFOH, with equal altitades 
AB and EF^ and commensurable bases AD and EH, 

ABCD ^ AD 
EH 



To ProTe 



EFQH 

Proof. Let AK be a common measnTe of AD and EH, 
and let it be ccmtained 5 times in AD^ and 3 times in EH 

AD ^^ 
" EH 3 



(1) 



Drawing -k to AD and EH througli thb MvenJ pointi of 
division, rect, ABCD will be divided into 5 parts, and rect. 
EFGH into 3 parts, all of which parts are equal. (§ 114) 

ABCD 5 .«. 



From (1) and (2), 



EFGH 
ABCD 



3 
AD 



EFOH EH 
162 



(?) 
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Case n. 
B. — 



When the bases are incommensurable. 



O 




Oiyen rectangles ABCD and EFGH, with equal altitudes 
AB and EF^ and incommensurable bases AD and EH, 

To Prov. |^=|^- 

EFGH EH 

Proof. Divide AD into any number of equal parts, and 
apply one of these parts to EH as a unit of measure. 

Since AD and EH are incommensurable, a certain num- 
ber of the parts will extend from E to K, leaving a re- 
mainder KH < one of the equal parts. 

Draw line KL ± EH, meeting FG at L, 

Then, since AD and EK are commensurable, 

4J^0D ^AD ,g 299, Case I.) 

EFLK EK ^ ' ^ 

Now let the number of subdivisions of AD be indefinitely 
increased. 

Then the unit of measure will be indefinitely diminished, 
and the remainder KH will approach the limit 0. 

Then, 



"^^^ wiUapproach the limit ^^^^ 



and 



EFLK 
AD 



will approach the limit 



EFGH 
AD 



EK "^ EH 

By the Theorem of Limits, these limits are equal. 

ABCD ^ AD 
' ' EFGH EH 



CO 



300. Oor. Since either side of a rectangle may be taken 
as the base, it follows that 

Two rectangles having equal bases are to each other as their 
aUitudes, 
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P&op. II. Theorem. 

SQL Any tico rfdafUfles are to each other as the products 
of thrir iMses by their altitudes. 





r 



4 



L 



b F W 

Oivea V and .V rectangles^ with altitudes a and a\ and 
Ikiso8 h tuul h\ rt^sjiectively. 

ToProY* r¥=.a2i^ 

3 a' X 6' 

Proof. U^t /? be a reot with altitude a and base h*. 
The4u ^iutv rectangles M and B hare equal altitudes, thej 
wt^ tu ejioh other as their bases. (§ 299) 

M b 

And ^IK^ Mvtangles R and X have equal bases, they are 
to tvich v>lher as their altitudes^ (?) 

R a 

^^ * .»r Jf- « ^ » 

-X, * vC - ^ * 

R X JT *i^ X V 



(1) 



(2) 



TW <«nM of ;ii $ux&^*^ i:^ its iraitxo iK> aiaotiMr sasfve^ 
Ytbe titficil ttoictr u^ ^tjxf^^i^ ii» Si sciTxare- wlbase safe is aaaut 
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304. The dimensions of a rectangle are its base and 
altitude. 

Pbop. III. Theorem. 

305. The area of a rectangle is equal to the pi'oduct of its 
base and altitude. 

Note. In all propositions relating to areas, the unit of surface 
C§ 302) is understood to be a square whose side is the linear unit. 





Oiven a and b, the altitude and base, respectively, of 
rect. M', and N the unit of surface, ^^e., a square whose 
side is the linear unit. 

To Prove that, if ^is the unit of surface, 

area M= a xb. 

Proof. Since any two rectangles are to each other as the 
products of their bases by their altitudes (§ 301), 

1^=; — 7 = ax b. 
N 1x1 

But since N is the unit of surface, the ratio of Jf to ^ is 
the aregL of M. (§ 302) 

.*. area M= axb. 

306. Sch. I. The statement of Prop. III. is an abbrevia- 
tion of the following: 

If the unit of surface is a square whose side is the linear 
unit, the number which expresses the area of a rectangle is 
equal to the product of the numbers which express the 
lengths of its sides. 

An interpretation of this form is always understood in 
every proposition relating to areas. 
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307. Ck>r. The area of a square is equal to the square of 

Uh side, 

30& Sch. n. If the sides of a rec- 
tanjrle are multijfles of the linear unit, the 
tnith of Prop. III. may be seen by dividing 
the tigure into squares, each equal to the 
unit of surface. 

Thus, if the altitude of rectangle A is 
5 units, and its base 6 units, the figure can be divided into 
30 s<iuares. 

In this case, 30, the number which expresses the area of 
the rectangle, is the product of 6 and 5, the numbers which 
express the lengths of the sides. 

Prop. IV. Theorem. ^V 

309. The area of a parallelogram is equal to the product 
of its base and altitude. 



E B F C 




A b D 

Oiven O ABCD, with its altitude DF= Oy and its base 

To Prove area ABCD ^axh. 

Proof. Draw line AE II DF, meeting CB produced at E. 
Then, AEFD is a rectangle. (?) 

In rt A ABE and DCF, 

AB^DG.BSidAE^DF. (?) 

.-. AABE=zADCF. (?) 

Kow if from the entire figure ADCE we take AABE^ 

there remains O ABCD\ and if we take ADCFj there 

remains root AEFD. 

.\ area Afi(7Z):=sarea JJS?J!Ds:ax&. (§905) 
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310. Cor. I. Two parallelograms having equal bases and 
eqtuU altitudes are equivalent (§ 303). 

311. Cor. n. 1. Tux) parallelograms having equal alti- 
tudes are to eaxih other as their bases, 

2, Two parallelograms having equal bases are to each other 
OS their altitudes. 

3. Any two parallelograms are to each other as the products 
of tjieir bases by their altitudes. 

Prop. V. Theorem. 

The area of a triangle is equal to one-half the product 
of its base and altitude. 




Given AABC, with its altitude AE^a, and its base 

To Prove area ABC = ^ a x &. 

(By S 108, AC divides O ABCD into two equal A.) 

313* Cor. L ^Two triangles having equal bases and equal 
altitudes are equivalent, 

314; Cor. n. 1. Two triangles having equal altitudes are 
to each other as their bases, 

2. Two triangles having equal bases are to each other as 
their altitudes. 

3. Any two triangles are to each other as the products of 
their bases by their altitudes. 

SU. Cor. in. A triangle is equivalent to one-half of a 
parallelogram having the same base and altitude* 

( 

< 

N 
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Pbop. VI. Theorem. 

316. The area of a trapezoid t« equal to one-half the mm 
of Us bases multiplied by its altitude. 




Eh B 

Oiyen trapezoid ABOD, with its altitude DE equal to a, 
and its bases AB and DC equal to b and b\ respectively. 

To Prove area ABCD = a x ^ (6 + V). 

(The trapezoid is composed of two A whose altitude is a, 
and bases b and b\ respectively.) 

317. Cor. Since the line joining the middle points of 
the non-parallel sides of a trapezoid is equal to one-half the 
sum of the bases (§ 132), it follows that 

The area of a trapezoid is equal to the product of its alti- 
tude by the line joining the middle points of its non-paraUel 
sides, 

318. Soh. The area of any polygon may be obtained by 
finding the sum of the areas of the triangles into which the 
polygon may be divided by drawing diagonals from any 
one of its vertices. 

But in practice it is better to draw the 
longest diagonal, and draw perpendicu- 
lars to it from the remaining vertices of 
the polygon. The polygon will then be 
divided into right triangles and trape- 
zoids; and by measuring the lengths of 
the perpendiculars, and of the portions of the diagonal 
which they intercept, the areas of the figures may be 
found by §§ 312 and 316. 
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Prop. VII. Theorem. 

319. Two similar triangles are to each other as the squares 
of their homologous sides. 

C 





Oiven AB and A'jff homologous sides of similar A ABC 
and A'B'C, respectively. 

ABC Aff 



To Prove ^,^,^ , 

A'B'C A^ 

Proof. Draw altitudes CD and CD'. 

ABC AB X CD 



A'B'C A'B' X CD' 
AB ^ CD 



But, 



CD 



A'B' CD' 
AB 



CD' A'B' 
Substituting this value in (1), 

ABC AB 



(§ 314, 3) 

(1) 
(§264) 



AB AB" 



A'B'C A'B' A'B' JJb^ 

320. Sch. Two similar triangles are to each other as the 
squares of any two homologous lines. 

EXERCISES. 

1. If the area of a rectangle is 7956 sq. in., and its base 3} yd., 
find its perimeter in feet. 

2. If the base and altitude of a rectangle are 14 ft 7 in., and 5 ft. 
8 in., respectively, what is the side of an equivalent square ? 

3. Find the dimensions of a rectangle whose area is 168, and 
perimeter 52. 

(Let X represent the base.) 



•.tif-J-* 
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Psop. VnL Theoux. 

SOL Two triam^et karimg am amgU of ome equal to an 
QMjU of tke o(her, <i/» to ^j«ft otker as ike prvdmeU of the 
tides indwUug th^ eqnai angiee. 




OiTen Z A common to A ABC and ASO. 

ToProTe AB^^ AB^AC 

ABC ABxAO 

Proof. Draw line BfC. 

Then A ABC and AB'C having the common vertex C, 

and their bases AB and AB in the same str. line, have the 

same altitude. 

ABC AB 



ABC AB 



(§ 314, 1) 



And AAB'C and ABC, having the common vertex B, 

and their bases AC and AC in the same str. line, have the 

same altitude. 

ABC ^ AC 

' ' ABC AC 
Multiplying these equations, we have 

ABC ^ ABC _ ABC ABxAO 
AB'C ABC' ABC AB' x AC 

EXERCISES. 

4. The area of a rectan^e is 143 sq. ft. 75 sq. in., and its base is 
3 times its attitude. Find each of its dimeDsions. 

(Let X represent the altitude.) 

5. The hypotenuse of a right triangle is 6 ft. 5 in., and one of its 
tegs is 2 ft. 9 in. Find its area. 
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Prop. IX Theorem. 

Two similar polygons are to each other as the squares 
of their homologous sides. 



Oiven AB and A'B* homologous sides of similar polygons 
AC and A' (7, whose areas are K and K', respectively. 

To Prove ^ = —.' 

^ A^ 

Proof. Draw diagonals EB, EC, E'B\ and E'O, 

Then, A ABE is similar to A A'BE\ (§ 267) 

ABE A& 



In like manner, 



BCE ^ BC* ^ Aff 



(§ 319) 



and :j^=^ = ^- (§253,2) 



ABE BCE CDE 



A! BE' BOS' C'D'E' 
ABE -f BCE -h CDE ABE 



(§ 240) 



A'B'E* -f BCE' -f CD'E' A'B'E* 

K^ ABE ^ Iff 
*' K A'B'E' A^B^' 

323. Cor. Two similar polygons are to each other as the 
squares of their perimeters, (§ 2(>8) 
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Prop. X. Problem. 

324. To e:q>res8 the area of a triangle in terms of Us three 
sides. 

A 




Oiven sides BCy CA, and AB, of A ABC, equal to o^ 6, 
and c, respectively. 

Beqnired to express area ABC in terms of a, h, and c. 

Solation. L€l (7 be an acute Z, and draw altitude AD. 

.-. c« = a« + 6*~2axCD. (§277) 
Transposing, 2a x CD = a' + &* — A 

_ _ . 2o 

.-. Aff = AJ^- Ci? (§ 273) 

= (ulC + CD) {AC - CD) 

4a» 

_ (g -f & + c) (g + 6 — c) (c -j- g — 6) (c — g + ft) /^x 

4g« ^^ 

Now let g + 6 4- c = 2 «. 

jg2 ^ 28(2g- 2c) (2^-25) (2 J -2g) 

4g* 

_ 16 g(g - g) (g - ft) {s - c) 
4g« 
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^J .\ jIP - ^ ^^(^ - ^) (^ - ^) (^ - g) 

a 

.-. area ABC =iaxAD (?) 

= V«(« — a) (s — 6) (s — c). 

325. Sch. Let it be required to find the area of a tri- 
angle whose sides are 13, 14, and 15. 

Let a = 13, 6 = 14, and c=^15; then 

« = |(13 + 14 + 15) = 21. 
Whence, s— a = 8, 5 — 6 = 7, and « — c = 6. 
Then, the area of the triangle is 
V21 x8x7x6 = V3x7x2«x7x2x3 



A' 



= V2* X 3* X 7* = 22 X 3 X 7 = 84. 



EXERCISES. 



6. Find the area of a triangle whose sides are 8, 13, and 15. 

7. The area of a square is 693 sq. yd. 4 sq. ft. ; find its side. 

8. If the altitude of a trapezoid is 1-ft. 4 in., and its bases 1 ft. 1 in. 
and 2 ft. 5 in., respectively, what is its area ? 

9. If, in figure of Prop. VII., AB = 9, A'B* = 7, and the area of 
A'B'Cf is 147, find area ABC, 

10. If the sides of triangle ABC are AB = 26, BC= 17, and 
CA = 28, find its area, and the length of the perpendicular from each 
vertex to the opposite side. 

11. Find the length of the diagonal of a rectangle whose area is 
2640, and altitude 48. 

12. Find the lower base of a trapezoid whose area is 9408, upper 
base 79, and altitude 96. 

13. The area of a rhombus is equal to one-half the product of its 
diagonals. (§ 117.) 

^ 14. The diagonals of a parallelogram divide it into four equivalent 
triangles. 

15. Lines drawn to the vertices of a parallelogram from any point 
in one of its diagonals divide the figure into two pairs of equivalent 
triangles. (Ex. 63, p. 67.) 

16. The area of a certain triangle is 2}^ times the area of a similar 
triangle. If the altitude of the first triangle is 4 ft. 3 in., what is the 
ho:uologou8 altitude of the second ? (§ 320.) 






y^ 
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Sch. Since the area of a square is equal to the 
square of its side (§ 307), we may state Prop. XXIV., 
Book III., as follows : 

In any right triangle, the square described upon the 
hypotenuse is equivalent to the sum of the squares described 
upon the legs. 

The theorem in the above form may be proved as follows : 




Oiven ABEF, ACOff, and BCKL squares described upon 
hypotenuse AB, and legs AC and BC, respectively, of rt. 
A ABC. 

To Prove area ABEF=: area ACGH+ area BCKL, 

Proof. Draw line CD ± AB, and produce it to meet EF 
at Jf ; also, draw lines BH and CF, 
Then in A ABH and ACF, by hyp., 

^5 = AF and AH=^AG. 
Also, ZBAH==ZCAF, 

for each is equal to a rt. Z + Z BAC 

.-. AABH=AACF. (?) 

Now A ABH has the same base and altitude as square 

ACGH. 

.\ eLre3.ABH=^Bxea.ACQff. (8 316) 

And AACF has the^ same base and altitude as lect. ' 
ADMF. 
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But, area ABH = area ACF. 

.-. \B,Te2i,ACGH=iB,TeB.ADMF, (?) 

or area ACGH = area ADMF. (1) 

Similarly, by drawing lines AL and CE, we may prove 

area BGKL = area BDME. (2) 

Adding (1) and (2), we have 

area ^(7G^ir+ area BGKL = area ABEF. 

Z2n. Sch. The theorem of § 326 is supposed to have 
been first given by Pythagoras, and is called after him the 
Pythagorean Theorem. 

Several other propositions of Book III. may be put in 
the form of statements in regard to areas ; as, for example. 
Props. XXV. and XXVI. 

EXERCISES. 

17. If ^F is any straight line drawn through 
the centre of paraUelogram ABCD^ meeting 
sides AD and BC 2X E and F^ respectively, 
prove trian^es BEF and CED equivalent. 
(Bx. 61, p. 66.) A> 

(Pfove BEDFa O by § 112.) 

18. The side of an equilateral triangle is 5 ; find its area. (Ex. 
21, p. 161.) 

. The altitude of an equilateral triangle is 3 ; find its area. 






20. Two triangles are equivalent if they ^*^ ^ 
have two sides of one equal respectively to two 
sides of the other, and the included angles 
supplementary. \^ 

21. Odb diagonal of a rhombus is five-thirds of the other, and the 
difference of the diagonals is 8 ; find its area. (Ex. 13, p. 173.) |li> 

22. If D and E tie the middle points of sides BC and AC, respec- 
tively, ol triangle ABCf prove triangles ABD and ABE equivalent. 
(§ 80.) 



^V 



^\ 



:\ ^' 
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23. If E is the middle point jof CD, one of the 
non-parallel sides of trapt;zoid A BCD, and a par- 
allel to AB drawn through ^ meets BC at i^and 
AD at G, prove parallelogram ABPG equivalent 
to the trapezoid. 





24. The sides AB, BC, CD, and DA of quadrilateral ABCD are 
* 10, 17, 18, and 20, respectively, and the diagonal ^C is 21. Find the 

area of the quadrilateral. 

25. Find the area of the square inscribed in a circle whose radios 
is a. 

(The diagonal is a diameter, by § 157.) 

26. The area of an isosceles right triangle is 81 sq. in.; find its 
hypotenuse in feet. 

Represent one of the equal sides by x.) 

27. The area of an equilateral triangle is OVS ; find its side. 
(Represent the side by x.) 

28. The area of an equilateral triangle is 16 V3 ; find its altitude. 
(Represent the altitude by x.) 

29. The base of an isosceles triangle is 66, and each of the equal 
Bides is 58 ; find its area. 

30. The area of a triangle is equal to one-half 
the product of its perimeter by the radius of the 
inscribed circle. 

d" =*B 

31. The area of/ an isosceles right triangle is equal to one-fourth 
the area of the square described upon the base. (§ 307.) 

32. If angle A of triangle ABC is 30°, prove 

BXQ9, ABC z=i \ AB y. AC. 

(Draw CD 1.AB; then CD may be found by Ex. 104, p. 71.) 

33. A circle whose diameter is 12 is inscribed in a quadrilateral 
whose perimeter is 50. Find the area of the quadrilateraL 

(Compare Ex. 30, p. 176.) 

34. Two similar triangles have homologous sides equal to 8 and 15, 
respectively. Find the homologous side of a similar triangle equiva- 
lent to their sum. (§ 310. ) 

35. If E is any point within parallelogram ABCD, triangles ABE 
and CDE are together equivalent to one-half the parallelogram. 

(Draw through J? a || to AB,) 
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^ 



36. The non-parallel sides, AB and CD, of a trapezoid are each 
25 units in length, and the sides AD and BC are 33 and 19 units, 
respectively. Find the area of the trapezoid. 

(Draw through J5 a || to CD, and a ± to AD,) 



*u 



37. If the area of a polygon, one of whose sides is 15 in., is 375 
sq. in., what is the area of a similar polygon whose homologous side 
is 18 in.? 



38. If the area of a polygon, one of whose sides is 30 ft., is 648 
sq. ft., what is the homologous side of a similar polygon whose area 
is392sq. ft.? 



39. If one diagonal of a quadrilateral bisects 
the other, it divides the quadrilateral into two 
equivalent triangles. 

(To prove AABC<>A ACD.) 

40. Two equivalent triangles have a com- 
mon base, and lie on opposite sides of it. Prove 
that the base, produced if necessary, bisects ^ 
the line joining their vertices. 

(To prove CD = CD,) 



41. If the sides of a triangle are 15, 41, and 52, find the radius of 
the inscribed circle. (Ex. 30, p. 176.) ' i 

42. The area of a rhombus is 240, and its side is 17 ; find its 




diagonals. (Ex. 13, p. 173.) 

(Represent the diagonals by 2 a; and 2 y,) 

43. Hie sum of the perpendiculars from any 
X>oint within an equilateral triangle to the three 
sides is equal to the altitude of the triangle. 



ouj; 



B 




QE C 

44. The longest sides of two similar polygons are 18 and 3, respec- 
tively. How many x>olygon8, each equal to the second, will form a 
polygon equivalent to the first ? (§ 322.) ( ^ ^ ^ f l^ - - ^ - U ^ 

45. If the sides of a triangle are 25, 29, and 36, find the diameter 
of the chncumscribed circle. (§ 287.) 

(The altitude of a A equals its area divided l^ one-lialf its baflo.) 



i 






\i 
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46. If a is the base, and b one of the equal akks of «n isoaedes 
trUmgle, prove its area equal to \ ay/4 b^ — a*, 

\\ 47. The sides -47? and ^C of triangle ABC sae 15 and 22, respec- 
tively. From a ]xnnt D in AB, a parallel to BC is drawn meeting 
iirat A\ and dividing the triangle into two equivalent parts. Find 
AJJ and ^j;. (§ aiO.) 

48. The Segments of the h3rpotenu8e of a right triangle made by 
a perpendicular drawn from the vertex of the right angle, are 5| and 
9{, n^spcctively ; find the area of the triangle. 

49. Any straight line drawn through the 
C6ntr(> of a parallelogram, terminating in a 
pair of op]K»site sides, divides the parallelo- 
gram into two equivalent quadrilaterals. 
(Rx. fll, p. 66.) 

50. If J? is the middle point of C2>, one of the non-parallel sides 
of tniiM'Xoid ABCDy prove triangle ABE equivalent to \ABCD. 

(Draw Uinmgh i^ a II U) AB.) 

51. The sitles of triangle ABC are AB = 13, BC = 14, and 
CA =15. If .^D is the bisector of angle A^ meeting JBC at i>, find 
the areas of triangles ABD and ACD, (§§ 249, 325.) 

52. The longest diagonal ^Z> of pentagon ABCDE m 44, and the 
per))ondicularB to it from B^ C, and E are 24, 16, and 15, respectively. 
If AB = 25, CD = 20, and AE = 17, what is the area of the penta^ 
goii? (§318.) 

53. The sides of a triangle are proportional to the numbers 7, 24, 
and 25, resptHStively. The perpendicular to the third side from the 
vertex of the opposite angle is 13^^. Find the area of the trian^e. 

(Represent the sides by 7x, 24 x, and 25 x, respectiyely ; the A 
is a rt. A by Ex. 63, p. 154.) 

54. If E and F are the middle points of sides AB and AC, respec- 
tively, of a triangle, and D is any point in J?C, prove quadrilateral 
AEDF equivalent to one-half triangle ABC, 

(lYove A DEF<> \d.ABC, by aid of Ex. 64, p. 67.) 

55. If E^ Fy 0<, and H are the middle points 
ol sides ABf BC, CD, and DA^ respectively, of 
quadrilateral ABCD, prove EFGH a parallelo- 
gram equivalent to one-half ABCD, 

(By Ex. 64, p. 67, area EBF = J area ABC) ^^ 

Vofes. Jar additioiua sTwroisea on Book IV., lea p, >ML 
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CONSTRUCTIONS. 
Peop. XI. Problem. 

To construct a square equivalent to the sum of two 
given squares. 







C 

K 

A B 


P 


M 








N 











Oiven squares M and N. 

Bequired to construct a square =o=M+N. 

Construction. Draw line AB equal to a side of M. 
At A draw line ACJ^AB, and equal to a side of N; and 
draw line BC, 

Then, square P, described with its side equal to BC, will 

Proof. In rt. A ABC, W = AB'^ AC\ (?) 

.*. area P = area Jf + area 2^. (§ 307) 

329. Cor. By an extension of the above method, a square 
may be constructed equivalent to the sum of any number of 
given squares. 

Oiven three squares whose sides are equal to 
m, n, and p, respectively. 

Required to construct a square =o= the sum of 
the given squares. 

Construction. Draw line AB = m. 
Draw line AC ± AB, and equal to n, and 
line BC 
Draw line CD ± BC, and equal to p, and line BD, 

Then, the square described with its side equal to BD will 
be =o= the sum of the given squares. 

(The proof is left to the pupil.) 



D 



P/ 
/ 

cL 



r 



x\ 



m 



B 



im 
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Prop. XII. Problem. 

330. To ''oniUruct a square equivoleid to the differtMx of 

two tjirtiii ift^uareM, 






Oiven Hqiiares M and y, M being > JV. 
Eaqaired to construct a square =0^ M—N. 

Proof. I >raw the indt^tinite line AD. 

At A draw line AB ± AD^ and equal to a side of N, 

With H i\A a centre, and with a radius equal to a side of 
3/, deHorilNi an arc cutting AD at C, and draw line BC. 

Then, Mf|uare /*, described with its side equal to AC^ will 
Ihi t> M — iV. 

Proof. In rt. A ABC, AC^ = BC^ - IS. (?) 

.-. area P= area M— area N. (?) 

Prop. XIII. Problem. 

331. To coMtruct a square equivalent to a given paral- 
leloyram, 

K H 

C ' 



» 






/. / ^'' 



A E 

Given O ABCD. 

Required to construct a square ^ ABCD. 

Oonitmction. Draw line DE ± AB, and construct line 
FO a mean proportional between lines AB and DE (§ 292). 

Then, square FOHK, described with its side equal to FO, 
will be ^ ABCD. 
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(?) 
(?) 

Cor. A square may be constructed equivalent to a 
given triangle by taking for its side a mean proportional 
between the ba^se and one-half the altitude of the triangle. 




Proof. By cons., AB: FG = FG: DE. 

.-. FQ^ = ABxDE. 
.-. area FOHK = area ABCD. 



56. To construct a triangle equivalent to a given square, 
having given its base and an angle adjacent to the base. 

(Take for the required altitude a third proportional to one-half the 
given base and the side of the given square.) \^ 

Pbop. XIV. Problem. 

333. To construct a rectangle equivalent to a given square, 
having the sum of Us base and altitude equal to a given line. 




C D^- 


• ■ 

r i 


• 
* 
1 




A E D 

Oiven square M, and line AB. 

Beqnired to construct a rectangle =o= M, having the sum 
of its base and altitude equal to AB, 

Construction. With AB as a diameter, describe semi- 
circumference ADB. 

Draw line AC ± AB, and equal to a side of 3f. 

Draw line CF II AB, intersecting arc ADB at D, and 
line DE ± AB, 

Then, rectangle JV, constructed with its base and altitude 
equal to BE and AE, respectively, will be =o= M. 

Proof. AE:DE=DE: BE. (§ 270, 1) 

.-. AExBE ==DE^ = AC\ (?) 

.*. area JV= area Jf. (?) 




\ 




ua-r,.u'^ zIh i.iJi'.'^.'.n'M i-f i'uh ':*j.Hi j,u3 at-H-udt egwal to a given 



J 



IL 



O 

A: :- 




E 

soTjare Jf. and line AB. 

Bequred to constrcet a 7ey:-tang!e =:> JT haTing the differ- 
ence of its base and altitude equal to AK 

OoutiiietUHL With AB as a diameter, describe OADR 

Draw line ^C X AB, and equal to a side of JT. 

Through centre O draw line CO, intersecting the circum- 
ference at D and E. 

Then, rectangle X, constructed with its base and altitude 
equal to CE and CD, respectively, will be =0= Jf. 

Proof. CE-CD = DE = AB. (?) 

That is, the difference of the base and altitude of JV is 
equal to AB. 

Again, AC is tangent to O ADB at A. (?) 

.-. CDx CE=C^. (§282) 

.-. area JV=: area Jf. (?) 

EXERCISES. 

97. To construct a triangle equivalent to a given triangle, having 
giren its bane. 

(Take for the required altitude a fourth proportional to the given 
bM«, and the base and altitude of the given A.) 

JIow many different A^ can be constructed ? 

06. Tn cotmiruct a rectangle equivalent to a given rectangle, hay- 
Ini^ glvoti iU bnMO. 
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59. To construct a square equivalent to twice a given square. 
(§ 307.) 

Prop. XVI. Problem. 

335. To construct a square having a given ratio to a given 
square. 





m 


- 1/ N 


N 


M 


n 



A Tn D n B 

Oiven square M, and lines m and n. 

Bequired to construct a square having to M the ratio 
n: m. 

Construction. On line AB, take AD = m and DB = w. 

With AB as a diameter, describe semi-circumference 
ACB. 

Draw line DC1.AB, meeting arc AGB at (7, and lines 
AC and BC. 

On AC take CE equal to a side of -3f; and draw line 
JS^i^ II AB, meeting BC at F, 

Then, square -y, constructed with its side equal to CF, 
will have to M the ratio n : m. 

Proof. Z ACB is a rt. Z. 
Then since CD is ± -45, 



(?) 



JIC* ABxAD AD m 



BC^ ABxBD BD n 

But since EF is || AB, 

CE^AC 

CF BC 
CE" AG^ m 



= ^=^ (§271,2) 



(?) 



CF BC ^ 

area M _m 
wea JT n 



(?) 
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Prop. XVII. Problem. 

330. 1\} canitruct a triangle equivalent to a given poUfgofn. 

A 




O D 

Oln n iH>ly gon A UCDE. 

Bequir«d to oouRtruot a A o ABODE. 

Oonitruotion. Tako any three consecutive vertices, as A^ 
li, t\\\\\ (\ anil draw dia^^nial AC; also, lineBi^ | AC, meet- 
ing l^(^ imxlnooil at F, and lino AR 

Thon, AFI>fC is a [H>lyg^>n =0 ABCDE, having a number 

i\t nUXtm lonH l>v ono. 

« • 

Again^ driver (li;igtmal ADx also, line £0 | AD, meeting 
CI) im^iluofHl at f»\ and line -4f?. 
Thon, AhV in a A ^ ABCDB. 

Pvoof . A si nC ai\d .4 PC have the same base AC. 

And ninot^ th^'ir vortioois B and F lie in the same line 1 10 
AC^ %\\<^y haxv tho saine altitude. ($ M) 

A AWNJ^ .4 BC = area -4FC tf?) 

Addini? ar^a .iCf}K to l>oth members, we haim 

awa ABt^DE = aie* AFDR 

A.^n, A .4K'f) and .4C71> have the sane base JLIk,mi 
th^ MU»e altA()u}<N. 

.*. area AED =: area AODl ^ 

Adiding aiea ^4FI> tx> both ineinbers^ we hjiT« 

a;r6a .4F2>£' = aiea AFGL 

,\ area JLi^iDir =^ aa«a wU^lfifl ^ 
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Note. By aid of §§ 336 and 332, a square may be constructed 
equivalent to a given polygon. 



Prop. XVIII. Problem. 

337. To construct a polygon similar to a given polygon^ and 
having a given ratio to it. 




m 



n 




Oiven polygon AC, and lines m and n. 

Required to construct a polygon similar to AC, and hav- 
ing to it the ratio n : m. 

Construction. Construct A'B' the side of a square having 

to the square described upon AB the ratio n:m, (§ 335) 

Upon side A'B^, homologous to AB, construct polygon 



A^O similar to polygon AC. 

Then, A^O will have to AC the ratio n : m. 

Proof. Since AC is similar to A'C, 

AC A^ 



(§295) 



But by cons.; 



A'C J!^ 
AJ^ 



(§ 322) 



A!B'' 

AC 

A'C 



m 
n 

m 
n 



(?) 



^"^ Ex. 60. To construct an isosceles triangle 
equivalent to a given triangle, having its base co- 
incident with a side of the given triangle. 
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Pk<»p. XJX- Problem. 

338l To cfffuttruct a poii^m similar to one of two given 
poiyyus. ami equivalent to the other. 






OiTtn polygons M and N. 

Required to construct a polygon similar to Jf, and =;> N. 

ConstmctioiL Let AB be anv side of M. 

Construct 771, tbe side of a square =0= Mj and n, the side of 
a s<iuare =0= N. (Note, p. 185) 

Construct Aff. a fourth proportional to m, ti, and AB. 

Upon side AB\ homologous to ABy construct polygon P 
similar to M. (§ 295) 

Then, P^N. 

Proof. Since 3f is similar to Py 

area M A^ 



area P A^B^ 

But by cons., m.n^AB: ABfy or 4^^-' 

A:B n 

area M ir? area Jf 



(?) 



• • 



' areaP n* area^ 
area P = area ^. 

EXERCISES. 



(?) 



^/ 



61. To construct a triangle equivalent to a given square, having 
given its base and the median drawn from the vertex to the base. 

(Draw a II to the base at a distance equal to the altitude of the A.) 
What restriction is there on the values of the given lines ? 

62. To construct a rhombus equivalent to a given parallelograin, 
liaving one of its diagonals coincident with a diagonal of the paral- 
lelogram. (Ex. 00.) 
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63. To draw through a given point within a parallelogram a straight 
line dividing.it into two equivalent parts. (Ex. 49, p. 178.) 

64. To construct a parallelogram equivalent to a given trapezoid, 
having a side and two adjacent angles coincident with one of the non- 
parallel sides and the adjacent angles, respectively, of the trapezoid. 
(Ex. 23, p. 176.) 

65. To construct a triangle equivalent to a given triangle, having 
given two of its sides. (Ex. 57.) 

(Let m and n be the given sides, and take m as the base.) 
Discuss the solution when the altitude is < n. = n. > n. 

66. To construct a right triangle equivalent to a given square, 
having given its hypotenuse. (Ex. 96, p. 119.) 

(Find the altitude as in Ex. 66.) 

What restriction is there on the values of the given parts ? 

67. To construct a right triangle equivalent to a given triangle, 
having given its hypotenuse. 

What restriction is there on the values of the given parts ? 

68. To construct an isosceles triangle equivalent to a given tri- 
angle, having given one of its equal sides equal to m. 

(Draw a II to the given side at a distance equal to the altitude.) 
Discuss the solution when the altitude is < m. = m. > m. 

69. To draw a line parallel to the base of a /\ 
triangle dividing it into two equivalent parts. 
(§ 319.) B'/ Xc 

{A ABC and AB'C are similar.) 3 

70. To draw through a given point in a side of a parallelogram a 
straight line dividing it into two equivalent parts. 

71. To draw a straight line perpendicular to the bases of a trape- 
zoid, dividing the trapezoid into two equivalent parts. 

(A str. line connecting the middle points of the bases divides the 
tnqwzoid into two equivalent parts.) 

72. To draw through a given point in one of the bases of a trape- 
zoid a straight line dividing the trapezoid into two equivalent parts. 

(A str. line connecting the middle points of the bases divides the 
trapezoid into two equivalent parts.) 

73. To construct a triangle similar to two given similar triangles, 
and equivalent to their sum. 

(Construct squares equivalent to the ^) 

74. To construct a triangle similar to two given similar triangles, 
and equivalent to their difference. 




A 



'-•■ r 






Book Y. 



BEGULAB POLYGONS. -MEASUREMENT OF 

THE CIRCLE. 

339. Def . A regular polygon is a polygon wliich is both 
equilateral and equiangular. 

Prop. I. Theorem. 

340. A circle can he circwmscribed about, or inscribed in, 
any regular polygon. 

V 




Given regular polygon ABODE, 

To Prove that a O can be circumscribed about, or inscribed 
in, ABODE. 

Proof. Let be the centre of the circumference described 
through vertices A, B, and O (§ 223). 
Draw radii OA, OB, 00, and OD. 

In A OAB and OOD, OB = 00. (?) 

And since, by def., polygon ABODE is equilateral^ 

AB=OD. 

188 
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Again, since, by def., polygon ABODE is equiangular, 

Z.ABC=Z.BCD, 
And since A OBC is isosceles, 

ZOBO=ZOCB. (?) 

.-. Z ABG-Z OBC= A BCD - Z OCB. 
Or, Z OBA = Z OOD. 

.-. A GAB = A OCD. (?) 

.-. 0-4=02). (?) 

Then, the circumference which passes through A, By and 
C also passes through 2). 

In like manner, it may be proved that the circumference 
which passes through B, C, and D also passes through E, 

Hence, a O can be circumscribed about ABODE. 
IM Again, since AB, BO, CD, etc., are equal chords of the 
circumscribed O, they are equally distant from 0. (§ 164) 

Hence, a O described with as a centre, and a line OF 
J- to any side AB as a radius, will be inscribed in ABODE, 

341. Def. The centre of a regular polygon is the common 
centre of the circumscribed and inscribed circles. 

The angle at the centre is the angle between the radii 
drawn to the extremities of any side ; as AOB. 

The radius is the radius of the circumscribed circle, OA, 
The apothem is the radius of the inscribed circle, OF, 

342. Cor. From the equal A OAB, OBO, etc., we have 

ZAOB = Z. BOO = Z OOD, etc. (?) 

But the sum of these A is four rt. A. (§ 35) 

Whence, the angle at the centre of a regular polygon is equal 
to four right angles divided by the number of sides, 

EXERCISES. 

Find the suude, and the angle at the centre, 
1. Of a regular pentagon. 



• -• 
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2. Of a regular dodecagon. '^ 

3. Of a regular polygon of 32 sides. ) ■ 

4. Of a regular polygon of 25 sides. ) 

Prop. II. Theorem. 

343. If the circumference of a cirde he divided into any 
number of equal arcs, 

I. Their chords form a regidar inscribed polygon, 

II. Tangents at the points of division form a regular cir- 
cumscribed 2)olygon. 

L A F 




Given circumference ACD divided into five equal arcs, 
ABy BCj CD, etc., and chords AB, BC, etc. 

Also, lines LF, FG, etc., tangent to O ACD at A, B, etc., 
respectively, forming polygon FGHKL. 

To Prove polygons ABCDE and FGHKL regular. 

Proof. Chord AJB = chord BC = chord CD, etc. (§ 158)^^^'"' 
Again, arc BCDE = arc CDEA = arc DEAB, etc., 
for each is the sum of three of the equal arcs AB, BC, etc. 

. •. Z EAB = Z ABC = Z BCD, etc. (§ 193) f^' 

Therefore, polygon ABCDE is regular. (§ 339) ""' 

Again, in A ABF, BCG, CDH, etc., we have 

AB = BC = CD, QtG, 

Also, since arc AB = arc BC=^ arc CD, etc., we have 

Z BAF= ZABF= Z CBG = Z BCG, etc. (§ 197) 

Whence, ABF, BCG, etc., are equal isosceles A. (§S 68,96) 



L 



X 
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.-. AF=Z.G = Z.H, etc., 
and BF=BG=CG= CH, etc. (§ 66) 

.-. FG = GH =: HK, etc. 

Therefore, polygon FGHKL is regular. (?) 

344. Cor. I. 1. If from the middle point of each arc s^tb- 
tended by a side of a regular inscribed polygon lines be drawn 
to its extremities, a regular inscribed polygon of double the 
number of sides is formed. 

2. If at the middle point of each arc included between two 
consecutive points of contact of a regular circumscribed poly- 
gon tangents be drawn, a regular circumscribed polygon of 
double the number of sides is formed. 

345. Cor. n. An equilateral polygon inscribed in a circle 
is regular; for its sides subtend equal arcs. (?) 



Prop. III. Theorem. 



346. Tangents to a circle at the middle points of the arcs 
subtended by the sides of a regular inscribed polygon, form 
a regular circumscribed polygon. 



A' 




Qiven ABODE a regular polygon inscribed in O AO, and 
A'B'OD'E' a polygon whose sides A'B', BO, etc., are 
tangent to O AC at the middle points F, G, etc., of arcs 
AB, BO, etc., respectively. 

To Prove A'B'OiyE' a regular polygon. 
(Arc AF= arc BF=s arc BG = axcOG, etc., and the propo- 
sition follows by § 343, II.) 



<n 



«fcii.«. 
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Prop. IV. Theorem. 

347. Regular polygons of the same number of sides are 

similar. 

D 




O' 



A B 

(The polygons fulfil the conditions of similarity given in 
252.) 

Prop. V. Theorem. 

348. The perimeters of two regular polygons of the same 

number of sides are to each other as their radii, or as their 

apothems. 

D 





F B 



A' F' b! 



Oiyen P and P' the perimeters, B, and W the radiiy and 
r and r' the apothems, respectively, of regular polygons AQ 
and ACj of the same number of sides. 



To Prove 



P 
P' 



B 



Proof. Let be the centre of polygon AC, and Cf of 
AG\ and draw lines OA, OB, O'A, and O'B'. 
Also, draw line OF ± AB, and Hub O'P' J- A'Jff. 
Then, OA = B, O'A' = B', 0F=^ r, and O^F^ = r'. 
Now in isosceles A OAB and OA'B^, 

Z AOB = Z A'0*S. (§ 842) 
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And since OA = OB and 0'^' = O'-B', we have 

OA ^ OB 
OA^ O'B'' 
Therefore, A OAB and O'A'B' are similar. 

AB ^R ^r. 
' ' A'B' R r' 
Bnt polygons AC and A'C are similar. 

P ^ AB 

" P' ^' r'* 



f( 



(§261) A 
(§§ 263, II, 264) 

(§347) 
(§ 268) 

(?) 



349. Cor. Let .K' denote the a»ea of polygon AO, and K^ 
of A\C'. 

'§, = — (§322) 

But, A^^R^L, whence, ^ = ^ = il. 

That is, ifee areas of two regular polygons of the same 
number of sides are to each other as the squares of their 
radii, or as the squares of their apothems. 



K 



Prop. VI. Theorem. 

350. The area of a regular polygon is equal to (me-half 
the prodttct of its perimeter and apothem. 

D 





A F 

Oiven the perimeter equal to P, and the apothem OF 
equal to r, of regular polygon AC. 

To Prove area^C = ^Pxr. 

(A OAB, OBC, etc., have the common altitude r.) 



id4 
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Prop. VII. Problem. 
To inscribe a square in a given circle^ 




Given O AC. 

Bequired to inscribe a square in O AC. 

Construction. Draw diameters AC and BD JL to each 
other, and chords AB, BC, CD, and DA. 
Then, ABCD is an inscribed square. 

(The proof is left to the pupil ; see § 343, 1.) 

362. Cor. Denoting radius OA by B, we haye 

J5*=aa*+0F = 2iiP. (§272) 

.-. AB = EV2. 

That is, the side of an inscribed square is equal to the 
radius of the circle multiplied by V2. 



Prop. VIII. Problem. 

To inscribe a regular hexa/gon in a given circle. 

B _ c 



Given O AC 
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Beqnired to inscribe a regular hexagon in O AC, 

Coiutniction. Draw any radius OA. 

With ^as a centre, and AO sa sl radius, describe an arc 
cutting the given circumference at B, and draw chord AB. 

Then, AB is a side of a regular inscribed hexagon. 

Hence, to inscribe a regular hexagon in a given ©, apply 
the radius six times as a chord. 

Proof. Draw radius OB ; then, A OAB is equilateral. (?) 

Therefore, A OAB is equiangular. (§ 95) 

^Whence, Z AOB is one-third of two rt. A, (?) 

^ Then, Z AOB is one-sixth of four rt. A, and arc AB is 

one-sixth of the circumference. (§ 154) 

Then, AB is a side of a regular inscribed hexagon. 

(§ 343, 1.) 

354. Cor. L The side of a regular inscribed hexagon is 
equal to the radiiis of the circle. 

356. Cor. n. If chords he drawn joining the aUemate 
vertices of a regular inscribed hexagon, there is formed an 
inscribed equilateral triangle, 

356. Cor. ni. The side of an in- 
scribed equilateral triangle is equal 
to the radius of the cirde multiplied 
by V3. 

Oiven AB a side of an equilateral A 
inscribed in O AD whose radius is B. 

To Prove AB = B^/S. 

Proof. Draw diameter AO, and chord B0\ then, BC is 
a side of a regular inscribed hexagon. (§ 355) 

Now ABC is a rt. A. (§ 195) 

.-. A^=AC*-BC' (?) 

= (2i2)«-iP (§354) 

= 4i?-^ = 3i?. 

.-. AB = EV3. 
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Prop. IX. Pboblem. 
357. To inscribe a regular decagon in a given circle. 




Given OAC, 

Bequired to inscribe a regular decagon in O AO. 

Constmction. Draw any radius OA, and divide it inter- 
nally in extseme and mean ratio at 3f (§ 297)^ so that 

OA : 03/= OM: AM. (1) 

With ^ as a centre, and 03f as a radius, describe an arc 
cutting the given circumference at B, and draw chord AB. 

Then, AB is a side of a regular inscribed decagon. 

Hence, to inscribe a regular decagon in a given 0, divide 
the radius internally in extreme and mean ratio^ and apply 
the greater segment ten times as a chord. 

Proof. Draw lines OB and BM. 

In A GAB Bxid ABM, ZA=^ZA. 

And since, by cons., 0M= AB, the proportion (1) becomes 

OA:AB = AB:AM. 

Therefore, A OAB and ABJf are similar. (§ 261) 

.-. Z ABM^ Z AOB. (?) 

Again, A OAB is isosceles. , (?) 

Hence, the similar A^BJf is isosceles, and 

^ AB = BM=OM. (Ax.1) 

-^lii^^^oVt ' .-. ZOBM^ZAOB, (?) 

\ .-. Z ABM + Z OBM^ Z AOB + Z AOB. 
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Or, Z0BA = 2ZA0B. (2) 

But since A OAB is isosceles, 

2 Z DBA + Z AOB = 180^ (§ 84) 

Then, by (2), 5 ZAOB = 180^ or Z AOB = 36^ 

Therefore, Z AOB is one-tenth of four rt. A, and AB is a 
side of a regular inscribed decagon. (?) 

358. Cor. L If chords he dravm joining the cdtemate ver- 
tices of a regular inscribed decagon, there is formed a regular 
ifiscribed pentagon. 



). Cor. n. Denoting the radius of the O by 5, we 
have 



^^03f^i?(V5-l). 



2 (§ 298) 

This is an expression for the side of a regular inscribed 
decagon in terms of the radius of the circle. 

Prop. X. Problem. 

360. To construct the side of a regular pentedeco/gon in- 
scribed %n a given circle. 




Oiven arc JOT. 

Beqnired to construct the side of a regular inscribed 
polygon of fifteen sides. 

ConBtruction. Construct chord AB a side of a regular 
inscribed hexagon (§ 353), and chord AC a side of a regular 
inscribed decagon (§ 357), and draw chord BC. 

Then, BG is a side of a regular inscribed pentedecagon. 

Proof. By cons., arc BC is ^ — -nr, or ^, of the circum- 
ference. 

Hence, chord BC is a side of a regular inscribed pente- 
decagon. (?) 
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361. Sch. L By bisecting arc^AB, BC, etc., in the figare 
of Vvi)\). VI 1., we iiiiiy construct a regular inscribed octagon 
(S .'U.*{, I.); and by continuing the bisection, we may con- 
struct reguliir inscrilx?d ix»lygons of 16, 32, 64, etc., sides. 

In like manner, by aid of Props. VIII., IX., and X., we 
may construct regular inscribed polygons of 12, 24, 48, etc., 
or of 20, 40, 80, etc., or of 30, 60, 120, etc., sides. 

362. Sch. n. By drawing tangents to the circumference 
at the vertices of any one of the above inscribed regular 
lK)lygons, we may construct a regular circumscribed polygon 
of the same nuiuber of sides. (§ 343, II.) 

EXERCISES. 

5. Tlie angle at the centre of a regular polygon is the supplement 
of the angle of the polygon. ($ 127.) 

6. I'he circumference of a circle is greater than the perimeter of 

any inscribed polygon. 

7. An e(|uiangu1ar polygon circumscribed about a circle is regular. 

if r represents the radius, a the apothem, s the side, and k the area, 

8. In an equilateral triangle, a = ^r, and k = Jr^v'5. — ^ 

9. In a square, a = \ r V^, and i = 2 1*. 

10. In a regular hexagon, a = J ry/S, and k = |r*V3. •"" 

11. In an equilateral triangle, r = 2a, « = 2a V3, and A; = 3 cfiy/S. 

12. In a square, r = a v^, 8 = 2a, and ifc = 4 a^. 

13. In a regular hexagon, r = | a>/3, and ifc = 2 a^VS. 

14. In an equilateral triangle, express r, a, and k in terms of «. 

15. In a square, express r, a, and k in terms of <• 

16. In a regular hexagon, express a and k in terms of $, 

17. In an equilateral triangle, express r, (t, and s in terms of k, 

18. In a square, express r, a, and s in terms of k» 

19. In a regular hexagon, express r and a in terms of k. 

20. The apothem of an equilateral triangle is one-third the altitude 
of the triangle. 
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21. The sides of a regular polygon circumscribed about a circle 
are bisected at the points of contact. (§ 94.) 

22. The radius drawn from the centre of a regular polygon to any 
vertex bisects the angle at that vertex. (§ 44.) 

23. The diagonals of a regular pentagon are equal. (§63.) 



24. The figure bounded by the five diagonals 
of a regular pentagon is a regular pentagon. A 

(Prove, by aid of § 164, that a O can be in- 
scribed in FGHKL ; then use Ex. 7, p. 198.) 



25. The area of a regular inscribed hexagon is a mean propor- 
tional between the areas of an inscribed, and of a circumscribed 
equilateral triangle. 

(Prove, by aid of Exs. 8, 10, and 11, p. 198, that the product of the 
areas of the inscribed and circumscribed equilateral ^ is equal to the 
square of the area of the regular hexagon.) 

26. If the diagonals 4C and BE of regular pentagon ABODE 
intersect at F, prove BE = AE + AP. (Ex. 23.) 

2?. In the figure of Prop. IX., prove that OM is the side of a 
regular pentagon inscribed in a circle which is circumscribed about 
triangle OBM. 

(/0^i/ = 36^) 

28. The area of the square inscribed in a sector 
whose central angle is a right angle is equal to one- 
half the square of the radius. 

(To prove area ODGE = J OS'.) 

M. The square inscribed in a semicircle is 
equivalent to two-fifths of the square inscribed 
in U^e en^ii^ eifo}e. 

(By ^. 9, p. 198, the area of the square in- 
scrihed in the entire J0 is^^ OB^ ; we then have 
to prove area ABC]i = l of 2 05* = f 6&,) 

aa The diagonals AC^ BD, CE, DF, EA, 
and FBy of regular hexagon ABODE F, form 
a r^[ular hexag(mw^ose area is equal to one- 
third the area of ABCDEF. 

(The apothem of GHKLMNis equal to the 
apothem of t^ACE, which may be found by 
&. 8, p. 196.) . 
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MEASUREMENT OF THE CIRCLE. 
Pkop. XI. Theorem. 

363. If a regular ffol*fgon be inscribed in, or circumscribed 
ahottt, a cirt:le, and the number of its sides be indefinitely 
increased, 

I. Its perimeter approaches the circumference as a limiL 

II. Its area apprcKu-hes the area of the cirde as a limiL 



Given p and P the perimeters, and k and K the areas, 
of two regular polygons of the same number of sides respec- 
tively inscribed in, and circumscribed about, a O. 

Let C denote the circumference, and S the area, of the ©. 

I. To Prove that, if the number of sides of the polygons 
be indefinitely increased, P and p approach the limit O. 

Proof. Let A Iff be a side of the polygon whose perimeter 
is P, and draw radius OF to its point of contact. 

Also, draw lines OA and OB^ cutting the circumference 
at A and B, respectively, and chord AB, 

Then, AB is a side of the polygon whose perimeter is p. 

(§342) 

Now the two polygons are similar. (§ 347) 

.-. P:p=OA'iOF. (§348) 

.-. P-jp ip = OA' - OF: OF. (?) 

.-. (^-JP) X OF=p X (0^' - OF). (?) 

'-'^-P^^^'iOA'-OF). 
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But p is always < the circumference of the O. (Ax. 4) 
Also, OA! - 02^ is < AF. ^ (§ 62) 

.'^P-P<^XA!F. (1) 

Now, if the number of sides of each polygon be indefi^ 
nitely increased, the polygons continuing to have the same 
number of sides, the length of each side will be indefinitely 

diminished, and A!F will approach the limit 0. 

n 

Then, by (1), since — — is a constant, P— jp will approach 

the limit 0. ^^ 

But the circumference of the O is < the perimeter of 
the circumscribed polygon ; * and it is > the perimeter of 
the inscribed polygon. (Ax. 4) 

• Then the difference between each perimeter and the cir- 
cumference, or P — C and C — j?, will approach the limit 0. 

Therefore, P and p will each approach the limit (7. 

II. To Prove that ^and A: approach the limit 8. 
Proof. Since the given polygons are similar, 

jr:A;=aa^:OF. (§349) 

.-. K-k'.k^ OJ^-WiW. (?) 

.-. (Jr-A;)x OF = A;x(adP'-OF). (?) 

of' ^ ..W 

Now, if the number of sides of each polygon be indefi- 
nitely increased, the polygons continuing to have the same 
number of sides, AF will approach the limit 0. 

Then, ^ X AF^, being always < ^ X IFP, wUl 
W OF^ 

approach the limit 0. 

Whence, K—k will approach the limit 0. 

But the area of the O is evidently < K, and > k. 

Then, K— S and S — k will each approach the limit 0. 

Therefore, ^and k will each approach the limit S. 

* For a rigorous proof of this statement, see Appendix, p. 386. 
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3M, CrOr. 1. If a regular polygon be inscribed in a drde, 
and the number of iU sides be indefinitely increasedy its apo- 
them approaches tlie radius of the circle as a limit. 

2. If a regular polygon be circumscribed about a cirde, and 
the number of its sides be indefinitely increasedy its radius 
approaches tlie radius of the circle as a limit. 



Prop. XII. Theorem. 



V 



T?ie circumferences of two circles are to each other as 
timr radii. 





Oiven C and C the circumferences of two (D whose radii 
are R and JS', respectively. 

To Prove ^ = :?- 

Proof. Inscribe in the ® regular polygons of the same 
number of sides; P and P' being the perimeters of the 
polygons inscribed in ® whose radii are B and R\ re- 
spectively. 

.-. P:F^R:R\ (§348) 

.-. FxR'=-P'xR. (?) 

Now let the number of sides of each inscribed polygon be 
indefinitely increased, thp two polygons continuing to have 
the same number of sides. 

Then, P x R' will approach the limit C x R\ 

and P' xB will approach the Hniit C" x B. (§ 363, 1.) 

By the Theorem of Limits, these limits are equal. (?) 

,-. (7 X iJ' = C" X iJ, or ^ = |. (§ 234) 
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366. Cor. I. Multiplying the terms of the ratio — by 2, 

we have 

C ^2R 

C 2 W' 

Now let D and D' denote the diameters of the (D whose 
radii are E and E', respectively. 

• ^ = -^. (1) 

•• CD' ^ ^ 

That is, tJie circumferences of two circles are to each other as 
their diameters. 

9IB7. Cor. n. The proportion (1) of § 366 may be written 

1 = 1' (§235) 

That is, the ratio of the circumference of a circle to its 
diameter has the same value for every circle. 

This constant value is denoted by the symbol tr. 

■■■ |=- (1) 

It is shown by methods of higher mathematics that the 
ratio TT is incommensurable ; hence, its numerical value can 
only be obtained approximately. 

Its value to the nearest fourth decimal place is 3.1416. 

368. Cor. m. Equation (1) of § 367 gives 

C=7ri>. 

That is, the circumference of a circle is equal to its diam£ter 
multiplied by v. 

We also have (7 = 2 irE, 

That is, the circumfe^^enee of a circle is equal to its radius 
multiplied by 2 tt. 

369. Def. In circles of different radii, similar arcs, simi- 
lar 9egmentSy and similar sectors are those which correspond 
to equal central angles. 
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Pb^jp. XIIL Theobex. 

370. 77ci? ar^a of a cirde is equal to one-half the prodwd 
of it* circumference and radius. 




ffiven R the radius, C the circumference, and S the area, 
of a O. 

To Prove S = \CxR. 

Proof. Circumscribe a regular polygon about the O. 
Let P denote its perimeter, and ^its area. 
Then since the apothem of the polygon is B, 

K=\PxB. (§350) 

Now let the number of sides of the circumscribed polygon 
be indefinitely increased. 

Then, K will approach the limit S, 

and iPxR will approach the limit ^OxR. (§ 363) 

By the Theorem of Limits, these limits are equal. (?) 

,-. S = iCxR. 

371. Cor. L We have 0= 2 ttjR. (§ 368) 

That is, the area of a circle is equal to the square of its 
radius muttiplied by v. 

Again, a=:\ir x 4i? = J,r x {2E)\ 

Now let D denote the diameter of the O. 

That is, the area of a circle is eqvxxl to the square of 0$ 
diameter multiplied by \w. 
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372. Cror. n. Let S and S* denote the areas of two (D 
whose radii are B and iJ', and diameters D and D', respect- 
ively. 

That is, the areas of two circles are to each other as the 
squares of their radii, or as the squares of their diameters, 

373. Cor. nL Tlie area of a sector is equal to one-half the 
product of its arc and radius, 

Oiyen s and c the area and arc, respectively, of a sector 
of a O whose area, circumference, and radius are S^ C, and 
B, respectively. 

To Prove « = ^cxJK. 

Proof. A sector is the same part of the O that its arc is 
of the circumference. 



8 ' c 



= cxi ^ 



But^ §^=iB. (§370) 

.«. 8 = icx B. 

374. Cor. IV. Since similar sectors are Nke parts of the 
(D to which they belong (§ 369), it follows that 

Similar sectors are to each other as the squares of their 
radii. 

EXERCISES. 

31. Find the circumference and area of a circle whose diameter 
is 5. 

32. Find the radius and area of a circle whose circumference is 
26 T. 

33. Find the diameter and circumference of a circle whoge area 
is289T. 

34. The diameters of two circles are 64 and 88, respectively. 
What 18 the ratio of their areas ? 
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.'•*. « Pkop. XIV. Problem. 

37S Given p and jP, the perimeters of a regular inscribed 
and of a regular circumscribed polygon of the same number of 
sides, to find p' and F*, the jterimeters of a regular inscribed 
and of a regular circumscribed polygon having double the nuwr 
ber of sides, 

A M F K B^ 



Solution. Let AB be a side of the polygon whose perim- 
eter is |), and draw radius OF to middle point of arc AB, 

Also, draw radii 0^-1 and OB cutting the tangent to the 
O at jP at points A' and B', respectively ; then, A^B^ is a 
side of the polygon whose perimeter is P. (§ 342) 

Draw chords AF and BF\ also, draw AM and BN tan- 
gents to the O at ^ and JB, meeting A^Bf at M and N, re- 
spectively. 

Then AF and MN are sides of the polygons whose 
perimeters are p' and P*, respectively. * (§ 344) 

Hence, if n denotes the number of sides of the polygons 
whose perimeters are p and P, and therefore 2 n the number 
of sides of the polygons whose perimeters are p^ and P*, we 
have 

AB =f , A'B = 5 AfJ^, and Jfjy= ^ (1) 

Draw line 0M\ then OJlf bisects Z A' OF. (§ 176) 

.-. AM: MF= OA' : OF. (§ 249) 

But OA' and OF are the radii of the polygons whose 
perimeters are Pandj?, respectively. 

.-. F:p=OA':OF. (§348) 
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Or, 



.-. P:p^AM:MF, 


(?) 


.-. P-\-p:p = A'M-\-MF:MF. 


(?) 


P-hp A'F ^A^B' 




p MF \MN 




P 




P-\-p 2n P 4n 2P 
' p ~ P~2n^ P~ F' 


4- 


4/1 





Then by (1), 



Clearing of fractions, 

F(P->t-p)=2Py.p. 

P+P ' 

Again, in isosceles A ABF and AFM, 

Z ABF = Z. AFM. (§ § 193, 197) 

Therefore, A ABF and AFM are similar. (§ 255) 

AB AF ^-^ 

.: AP* = AB X MF. (?) 

4 n' 71' 4n 4 n* 
.-. p^=:p X P'. 

.-. p'rzrypXP. (3) 

Prop. XV. Problem. 

376. To compute an approximate value ofrr (§ 367). 

SoltttioAi If the diameter of a O is 1, the side of an 
inscribed square is iV2 (§ 352); hence, its perimeter is 
SV2. 

Again, the side of a circumscribed square is equal to the 
diameter of the XD ; hence, its perimeter is 4. 

We then put in equation (2), Prop. XIV., 
P = 4, and p = 2 V2 = 2.82843. 



Then by (1), 
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.-. p' = ?Z^= 3.31371. 



We then put in equation (3), Prop. XIV., 
p = 2.82843, and P' = 3.31371. 



... p' = VpxP' = 3.06147. 

These are the perimeters of the regular circumscribed 
and inscribed octagons, respectively. 

Repeating the operation with these values, we put in (2), 

F = 3.31371, and p = 3.06147. 

P' = ?^_^ = 3.18260. 

We then put in (3), p = 3.06147 and P' = 3.18260. 

.'. p'= VfxP' = 3.12145. 

These are, respectively, the perimeters of the regular cir- 
cumscribed and inscribed polygons of sixteen sides. 

In this way, we form the following table : k 



No. OF 


Pbbimbtkb of 


FKRimnER or 


Sides. 


Rbg. Giro. Polygon. 


Bbo. Inbo. POLTGOir. 


4 


4. 


2.82843 


8 


3.31371 


3.06147 


16 


3.18260 


3.12146 


32 


3.16172 


3.13656 


64 


3.14412 


8.14033 


128 


3.14222 


3.14128 


256 


3.14176 


3.14161 


612 


3.14163 


3.14167 



The last result shows that the circumference of a O 
whose diameter is 1 is > 3.14167, and < 3.14163. 
Hence, an approximate value of v is 3.1416| correct to the 

fourth decimal place. 

Note. The value of v to fourteen decimal places in 

3.14169266368979. -t^ O^ 



i 



MEASUREMENT OF THE CIRCLE. 209 

EXERCISES. 

35. The area of a circle is equal to four times the area of the 
circle described upon its radius as a diameter. 

36. The area of one circle is 2} times the area of another. If the 
radius of the first is 15, what is the radius of the second ? 

37. The radii of three circles are 3, 4, and 12, respectively. What 
is the radius of a circle equivalent to their sum ? 

38. Find the radius of a circle whose area is one-half the area of a 
circle whose radius is 9. 

39. If the diameter of a circle is 48, what is the length of an arc 
of 85° ? 

40. If the radius of a circle is 3 V3, what is the area of a sector 
whose central angle is 152*^ ? 

^ ^ 41. If the radius of a circle is 4, what is the area of a segment 
whose arc is 120° ? (x = 3. 1416. ) 

(Subtract from the area of the sector whose central Z is 120°, the 
area of the isosceles A whose sides are radii and whose base is the 
chord of the segment.) 

42. Find the area of the circle inscribed in a square whose area 
is 13/ 

43. Find the area of the square inscribed in a circle whose area 
is 196 T. 

44. If the apothem of a regular hexagon is 6, what is the area of 
its circumscribed circle ? 

45. If the length of a quadrant is 1, what is the diameter of the 
circle? (t = 3.1416.) 

46. The length of the arc subtended by a side of a regular inscribed 
dodecagon is J t. What is the area of the circle ? 

47. The perimeter of a regular hexagon circumscribed about a 
circle is 12 V3. What is the circumference of the circle ? 

48. The area of a regular hexagon inscribed in a circle is 24 V3. 
What is the area of the circle ? 

49. The side of an equilateral triangle is 6. Find the areas of its 
inscribed and circumscribed circles. 

50. The side of a square is 8. Find the circumferences of its 
inscribed and circumscribed circles. 

51. Find the area of a segment having for its chord a side of a 
regular inscribed hexagon, if the radius of the circle is 10, (r s 3. 1416.) 
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4r 



52. A circular grass-plot, 100 ft. in diameter, is sarroanded by a \ 
walk 4 ft. wide. Find the area of the walk. 

33. Two plota of ground, one a square and the other a circle^ con- ;' 
tain each 10ij>¥\ sq. ft. How much longer is the perimeter of th« square 
than the circumference of the circle ? (x = 3.1416.) 

54. A wheel rerolves 66 times in travelling ^ ft. What is its 
diameter in inches ? 

If r represents the radius, a the apothem^ « the side, and k the area, 
prove that 

55. In a re^ilar octagon, 

« = rV2- V2, a = } r V2 + v^, and ife = 2i« v^. (§375) 

56. In a regular drxlecagon, 

« c= r V2- V3, a = i r V2 + V3, and * = 3 r^. 

57. In a regular octagon, 

« = 2a(V2-l),r = aV4-2v^, and* = 8a«(V5-l). 

58. In a tegular dodecagon, 

» = 2a(2- V3), r = 2a V2- Va, and A; = 12 a^ (2 - VS). 

59. In a regular decagon, a^\r v 10 + i V5. (§ 869.) 
(Find the apothem by § 273.) 

60. Wliat is the number of degrees in an arc whose length is equal 
to that of the radius of the circle ? (ir = 3.1416.) 

(liepresent the number of degrees by x,) 

61. Find the side of a square equivalent to a circle whose diameter 
Is 8. (ir = 3.1416.) 

62. Find the radius of a circle equivalent to a square whose side 
is 10. (ir = 3.1410.) 

63. Given one side of a regular hexagon, to construct the hexagon* 

64. Given one side of a regular pentagon, to construct the pentagon. 
(Draw a O of any convenient radius, and construct* a side of a 

regular inscribed pentagon.) 

65. In a given square, to inscribe a regular octagon. 

(Divide the angular magnitude about the centre of the square into 
eight e<iual parts.) 

66. In a given equilateral triangle to inscribe a regular hexagon. 

67. In a given sector whose central angle is a right angle^ to 
inscribe a square. 

Note. For additional exercises on Book Y., see p. 231« 
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MAXIMA AND MINIMA OF PLANE FIGURES. 



Prop. I. Theorem. 

377. Of cUl triangles formed with two given sides, that in 
which these sides are perpendicular is the maximum. 




Oiven, in A ABC and ABC, AB = A'B, bhA AB ± BC. 
To Prove area ABC > area A' BC. 

Proof. Draw A'D ± BC-, then, 

A'B > A'D. (§ 46) 

.'.AB>A'D. (1) 

Multiplying both members of (1) by ^BC, 

^BCxAB>iBCxA'D. 
.-. area ABC > area A'BC. (§ 312) 

37a Def. Two figures are said to be isoperimetric when 
they have equal perimeters. 
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Prop. II. Theorem. 

Of iaopprimetric triangles having the same base, that 
which is isosceles is the maximuni. 





C.^ y.^ 



B C 

Oiven ABC and A'BC isoperimetric A, having the same 
base BC, and A ABC isosceles. 

To Prove area ABC > area A'BC 

Proof. Produce BA to D, making AD = AB, and draw 
line CD. 

Then, Z BCD is a rt. Z ; for it can be inscribed in a semi- 
circle, whose centre is A and radius AB. (§ 195) 

Draw lines AF and A'G ± to CD; take point E on CD 
so that A'E = A'C, and draw line JB^. 

Then since A ABC and A'BC are isoperimetric, 

..IB -f ^(7 = ^'JB -f ^'C= ^'JB + A'E. 

.-. ul'JB-f ^'^=^1B +^1D =BD. 

But, A'B + A'E>BE. (Ax. 4) 

.-. BD>BE. 

.'. CD > CE, (§ 51) 

Now ^l?* and A'G are the J§ from the vertices to the bases 
of isosceles A ACD and A!CEy respectively. 

.-. CF= i CD, and CG=^\ CE. (§ 94) 

.-. CF>CG. (1) 

Multiplying both members of (1) by ^ BG, 

^BCxCF>iBCxCG. 

.'. axes. ABC >Q,TesL A'BC. (?) 
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380. Cor. Of isoperimetric triangles^ that which is equi- 
lateral is the maximum. 

For if the maximum A is not isosceles when any side is 
taken as the base, its area can be increased by making it 
isosceles. (§ 379) 

Then, the maximum A is equilateral. 

Prop. III. Theorem. 

381. Of isoperimetric polygons having the same number of 
sides, that which is equilateral is the m^iximum. 



E D 

Oiven ABODE the maximum of polygons having the 
given perimeter and the given number of sides. 

To Prove ABODE equilateral. 

Proof. If possible, let sides AB and BO be unequal. 

Let ABC be an isosceles A with the base AO, having its 
perimeter equal to that of A ABO. 

.-. area AB'O > area ABO. (§ 379) 

Adding area AODE to both members, 

area ABODE > area ABODE! 

But this is impossible ; for, by hyp., ABODE is the maxi- 
mum of polygons having the given perimeter. 
Hence, AB and BO cannot be unequal. 

In like manner we have 

JBC=OZ> = Z)JE?, etc. 
Then, ABODE is equilateral. 
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Prop. IV. Theorem. 

Of isoperimetric equilateral polygons having the same 
number of sides, that which is equiangular is the maximum. 

Given AB^ BC, and CD auy three consecutive sides of 
the maxim um of isoperimetric equilateral polygons having 
the same number of sides. 

To Prove Z ABC = Z BCD. 

Proof. There may be three cases : 

1. ABC + BCD = 180^ (Fig. 1.) 

2. ABC -\- BCD >1S0''. (Fig. 2.) 

3. ABC + BCD KlSO"". (Fig. 3.) 





Fig. 1. 



Fig. «. 




Fig, 5. 



If possible, let Z ABC be >Z BGD^ and draw line AD. 

In Fig. 1. 

Tjet E be the middle point of BC\ and draw line EF^ 
meeting AB produced at F, making EF=^ BE. 
Produce FE to meet CD at O. 
Then in A BEF and CEOy by hyp., BE = CE. 

Also, Z BEF = Z CEG. (?) 
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for eaok is the gupplement of Z B. (§ 33, 2) 

. •. A BEF = A OEO. (8 § 86, 68) 

.-. BE=EF=CU= EQ, and BF^ CG. (§ 66) 

In Fig, 2.. 

Produce AB and DC to meet at -ff. 

Since, by hyp., Z ABC > Z BCD, Z Oilff < Z 50^. 

.\BH>CH. (8 99) 

Lay off, oil 5^, i^5^= CiT; and on DH, GH = BH', and 
draw line FO cutting BC at E. 

r. A FG^IT = A BCH, (§ 63) 

/. ^CBH=ZFGH, i^ee) 

Then, in ^ BEF and C2?(?, Z EBF = Z C(yjS?. 
Also, Z ^^i?^ = Z o^a (?) 

And BF=^CG, 

since JB2?'= BH^FH, and 0(? = GJET- CH. 

.-. A 5J5:F= a CEG. (88 86, 68) 

.-. BE = OE and ^i?* = EG. (8 66) 

Jn Fig. 3. 

Produce BA and CD to meet at iT. 

Since, by hyp., Z ^^(7 >ZBCD,CK> BK (?) 

Lay off, on KB produced, FK= CK; and on CK, GK=^BK\ 
and draw line FG cutting BC at E, 

.'. ABCK=AFGK. (?) 

.-. ZF=za (?) 

Then, in A BEF and C^G^, ZF=ZC. 
Also, ZBEF=^ZCEG. (?) 

And 5F = CG, 

aiftoe BF^FK- BK, and CG^CK^ GK. 

.'. A ^^i^ = A C^6?. (?) 

/, PS = OiS? and EF^EG. (?) 
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Then since, in either figure, BC -\- CG = BF '\- FO, and 
A BEF = A CEGy quadrilateral AFGD is isoperimetric with, 
and =0= to, quadrilateral A BCD. 

Calling the remainder of the given polygon P, it follows 
that the polygon composed of AFGD and P is isoperimetric 
with, and =o to, the polygon composed of ABCD and P; 
that is, the given polygon. 

Then the polygon comi)osed of AFGD and P must be 
the maximum of polygons having the given perimeter and 
the given number of sides. 

Hence, the polygon composed of AFGD and P is equi- 
lateral. (§ 381;^ 

But this is impossible, since AF is > DG. 

Hence, Z ABC cannot be > Z BCD, 

In like manner, Z ABC cannot be < Z BCD, 

.'. ZABC^^ZBCD. 

Note. The case of triangles was coiifiidered in § 380. Fig. 3 also 
provides for the case of triangles by supposing D and K to coincide 
with A, In the case of quadrilaterals^ P = 0. 



Cor. Of isoperimetric polygons having the same num- 
ber of sides, that which is regular is the maximum. 



Prop. V. Theorem. 

384. Of two isoperimetric regular polygons^ that which has 
the greater number of sides has the greater area. 



■V— »-— — T rj 





Given ABC an equilateral A, and M an isoperimetric 
square. 
To Prove area M > area ABC, 
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Proof. Let D be any point in side AB of A ABC. 
Draw line />(7; and construct isosceles ACDE isoperi- 
metric with A BCBy CD being its base. 

.-. area CBE > area BCD. (§ 379) 

.-. area ADEC > area AJBO, 

But, since ADEO and M are isoperimetric, 

area M > area ADEC. (§ 381) 

.'. area JW > area -4^0. 

In lite manner, we may prove the area of a regular pen- 
tagon greater than that of an isoperimetric square ; etc. 

385. Cor. The area of a circle is greater than the area of 
any polygon having an equal perimeter. 

SYMMETRICAL FIGURES. 

DEFINITIONS. 

386. Two points are said to be symmetrical with respect 
to a third, called the centre of symmetry, when the latter 
bisects the straight line which joins them. 

Thus, if is the middle point of straight line AB, points 
A and B are symmetrical with respect to ^ q s 
as a centre. ' ' ' 

387. Two points are said to be symmetrical with respect 
to a straight line, called the axis of sym- 
metry, when the latter bisects at right f^ 
angles the straight line which joins j 

them. ^ j ' 

Thus, if line CD bisects line AB at \^ D 

right angles, points A and B are sym- i 

metrical with respect to CD as an j 

I 
axis. S 

388. Two figures are said to be symmetrical with respect 
to a centre, or with respect to an axis, when to every point 
of one there corresponds a symmetrical point in the other. 
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389: Thug, if to e%-ery puint of triangle 
ABC til era corraapooda a aymmetncal 
point of triangle A'B'C, with respect to 
centre 0, triangle A'B'C* is symmetrical 
to triangle ABC with resjiect to centra 0- 

Again, if to evety point of triangle ABO 
there corresponds a symmetrical point of 
triangle A'B'C", with respect to asis DE, 
triangle A'B'C is symmetrical to tri- 
angle ABC with respect to asis DE. 

390. A figure is said to be symmet- 
rical with raspect to a centra when I^ — 
every straight line drawn through the "^'\M-~~J , 
centre cuts the figure in two points \l-/ 
which are ayinmetrical with respect to g' 
that centre. 

391. A figure is aaid to be aymmetrical with respect to 
an axis whan it dividea it into two figuraa which are sym- 
metrical with reapect to that axis. 



.A^' 



Prop. VI. Theorem. 

392. Two ttraight lines whicli are symmetricai with retpeii 
a centre are e^mU and parallel 




Qivm. str. lines AB and A'S symmetrical with respect b 
centre 0. 
To Frore AB aniA'B' equal and ||. 
Prwf- Praw lines AA', BB', AB', and 4'B. 
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Then, bisects AA' and BB\ 
Therefore, AB'A'B is a O. 
Whence, AB and A'B' are equal and 



Prop. VII. Theorem. 



(§ 386) 
(§ 112) 



393. If a figure is symmetriccU with respect to two axes 
cU right angles to each other, it is symmetrical with respect 
to their intersection as a centre, 

V 



A 



[Q 



a 



jf 



R 



J) 







E 



T? 



Given figure AE symmetrical with respect to axes XX' 
and TY^, intersecting each other at rt. A at 0. 

To ProVfe AE symmetrical with respect to as a centre. 

Proof. Let P be any point in the perimeter of AE. 

Draw line PQ ± XX', and line PE ± YY\ 

Produce PQ and PR to meet the perimeter of AE at P' 
and P", respectively, and draw lines Qi2, OP, and 0P^\ 

Then since AE is symmetrical with respect to XX', 

PQ = P'Q. (§ 387) 

But PQ^OE] whence, OE is equal and || to P'Q, 
Therefore, OPQE is a O. (?) 

Whence, QE is equal and || to OP^. (?) 

In like manner, we may prove OP'^EQ a O; and there- 
fore QB equal and || to OP". 

Then since both OP^ and OP" are equal and || to QE, 
P'OP^' is a str. line which is bisected at 0. 

That is, every str. line drawn through is bisected at 
that point, and hence AE is symmetrical with respect to 
as a centre. . (§ 390) 
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ADDinONAIi EXERCISES. 

BOOK L 

• 1. Ereiy point within an ande. and not in the bisector, is un- 
equally distant from the sides of the angle. 

(Prore by Beductio ad Absurdum.) 

^ 2. U two lines are cot by a third, and the sam of the interior 
angles on the same side of the transversal is less than two right 
angles, the lines will meet if sufficiently produced. 
(Prove by Beductio ad Absurdum.) 

V 3. State and prove the converse of Prop. XXXVii., 11. 
(Prove Z BAD -\-ZB = 180^) 

4. The bisectors of the exterior angles of a tri- 
angle form a triangle whose angles are respectively 
the half-sums of the angles of the given triangle 
taken two and two. (Ex. 69, p. 67.) 

(To prove ZA' = i{/: ABC + Z BCA), etc.) 

5. If CD is the perpendicular from C to side AB of triangle 
ABC, and CE the bisector of angle C, prove Z DCE equal to one- 
^alf the difference of angles A and B. 

6. If E, Fj G, and H are the middle points of sides AB, BC, CD, 
and DA, respectively, of quadrilateral ABCD, prove EFGH a paral- 
lelogram whose perimeter is equal to the sum of the diagonals of the 
quadrilateral. (§ 130.) 

7. The lines joining the middle points of the opposite sides of a 
quadrilateral bisect each other. (Ex. 6, p. 220.) 

8. The lines joining the middle points 
of the opposite sides of a quadrilateral 
bisect the line joining the middle points 
of the diagonals. 

(EKGL is a O, and its diagonals 
bisect each other.) 

9. The line joining the middle points of the 
diagonals of a trapezoid is parallel to the bases 
and equal to one-half their difference. 
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10. If D is any point in side AC oi triangle ABG^ and E^ F, G, 
and H the middle points of AD, CD^ BC, and AB, respectively, prove 
EF(xH a parallelogram. 

11. If E and G are the middle points of sides AB and CD, respec- 
tively, of quadrilateral ABCD, and K and L the middle points of 
diagonals ^O and BD, respectively, prove A EKL = A GKL, 

12. If D and E are the middle points of 
sides BC and AC, respectively, of triangle 
ABCy and ^Z> be produced to F and BE to 
G, making DF = AD and EG = BE, prove 
that line FG passes through C, and is bisected 
at that point. 

13. If Z> is the middle point of side BC oi triangle ABC, prove 
AD<iiAB-hAC), 

(Produce AD to E, making DE = AD.) 

14. The sum of the medians of a triangle is less than the perimeter, 
and greater than the semi-perimeter of the triangle. 

(Ex. 13, p. 221, and Ex. 106, p. 71.) 

15. If the bisectors of the interior angle at C and the exterior angle 
at B of triangle ABC meet at D, prove Z BDC = ^ZA, 

16. If AD and BD are the bisectors of the exterior angles at the 
extremities of the hypotenuse of right triangle ABC, and DE and DF 
are drawn perpendicular, respectively, to CA and CB produced, prove 
CEDF a square. 

(Z> is equally distant from AC and BC.) 

17. AD and BE are drawn from two of the vertices of triangle 
ABC to the opposite sides, making Z BAD = Z ABE ; if AD = BE, 
prove the triangle isosceles. 

18. If perpendiculars AE, BF^ CG, and DH, be drawn from the 
vertices of parallelogram ABCD to any line in its plane, not inter- 
secting its surface, prove 

AE-^ CG = BF+DH. 

(The sum of the bases of a trapezoid is equal to twice the line 
joining the middle points of the non-parallel sides.) 

19. If CD is the bisector of angle C of triangle 
ABC, and DF he drawn parallel to ^O meeting 
BC Sit E and the bisector of the angle exterior to 3 
C at F, prove DE = EF. 
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20. If E and F are the middle points of sides AB and ^C, re- 
spectively, of triangle ABC, and AD the peipendicolar from A to BC^ 
prove Z EDF =/,EAF. (Ex. 83, p. 69.) 

21. If the median drawn from any vertex of a triangle is greater 
than, equal to, or less than one-half the opposite side, the angle at 
that vertex is acute, right, or obtuse, respectively. (§ 06.) 

22. The number of diagonals of a polygon of n sides is * ^* "" A 

23. The sum of the medians of a triangle is greater than three- 
fourths the perimeter of the triangle. 

(Fig. of Prop. LII. Since ^O = } udZ> and J90 = } BE, we have 
AB< I {AD + BE), by Ax. 4.) 

24. If the lower base AD of trapesoid ABGD 
is double the upper base BC, and the diagonals 
intersect at E, prove CE={AC and BE = J BD. 

(Let J* be the middle point of DE, and G of 

AE.) 

25. If O is the point of intersection of the 
medians AD and BE of equilateral triangle ABC, 
and line OF be drawn parallel to side AC, meet- 
ing side BC at F, prove that i>^is equal to J BC, 
(5 133.) 

(Let G be the middle i>oint of OA.) 

26. If equiangular triangles be constructed on the sides of a tri- 
angle, the lines drawn from their outer vertices to the opposite vertices 
of the triangle are equaL (§ 63.) 

27. If two of the medians of a triangle are equal, the triangle is 
isosceles. 

(Fig. of Prop. LIL Let AD = BE.) 





BOOK n. 

28. AB and AC are the tangents to a circle from point A, and D 
is any point in the smaller of the arcs subtended by chord BC. If a 
tangent to the circle at D meets AB at E and AC 9X Ft prove the 
perimeter of triangle A^F constant. (§ 174.) 

29. The line joining the middle points of the arcs subtended by 
sides AB and ^C of an inscribed triangle ABC cuts AB at F and AC 
atG^. VtovQAF=AG. 

(^/.AEGz^AAGF.) 
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30. If ABGD is a circumscribed quadrilateral, prove the aiigle 
between the lines joining the opposite points of contact equal to 
K^+C). (§202.) 

31. If sides AB and BC of inscribed hexagon ABODE F are 
parallel to sides DE and UF, respectively, prove side AF parallel to 
Bide CD. (§ 172.) 

(Draw line CF, and prove iL A¥C - A FCD,) 

32. If AB is the common chord of two inter- 
secting circles, and AC and AD diameters drawn 
from J., prove that line CD passes through B, 
(§ 196.) 

33. If AB is a common exterior tangent to two circles which touch 
each other externally at (7, prove /.ACB a right angle. 

(Draw the common tangent at C, meeting AB at D.)- 

34. li AB and ilC are the tangents to a circle from point A, and 
D is any point on the greater of the arcs subtended by chord BC, 
prove the sum of angles ABD and ACD constant. 

35. If J, C, B, and D are four points in 
a straight line, B being between C and 2), and 
^i^is a common tangent to the circles described 
upon AB and CD as diameters, prove 

/LBAE = /LDGF. 

(We have OEWO'F.) 

36. ABCD is an inscribed (Quadrilateral, 
AD being a diameter of the circle. If is the 
centre, and sides AD and BC produced meet 
at E making CE = 0-4, prove 

AAOB=i^/.CED. 

(ZAOB is an ext. Z of A QBE, and ZBCO 
of A OCE.) 

37. ABCD is a quadrilateral inscribed in 
a circle. If sides AB and DC produced inter- 
sect at E, and sides AD and BC produced 
at F^ prove the bisectors of angles E and F 
perpendicular. (§ 109.) 

(Ptote MO HM + arc ItL = ISO**.) 
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38. K A BCD in an inscribed quadrilateral, and sides AD and BC 
priKiuced meet at P, the tan<;('nt at P to the circle circumiicrlbed about 
triangle A HP w i>arallel U> CD. (§196.) 

(Prove Z between the tangent and BP equal to Z PCD.) 

39. A BCD is a quadrilateral inscribed in a circle. Another circle 
ia deiicribed upon AD as a chonl. meeting AB and CZ> at ^ and F^ 
respectively. Prove chonls BC &nd JETF parallel. 

(Prove ZABC=ZAEF.) 

40. If ABCDEFGH is an Inscribed octagon, the sum of angles 
A^ C, Ef and G is equal to six right angles. (§ 193.) 

41. If the number of sides of an inscribed polygon is even, the 
sum of the alternate angles is equal to as many right angles as the 
polygon lias sides less two. 

(Use same method of proof as in Ex. 40.) 

42. If a right triangle has for its hypotenuse the side of a square, 
and lies without the square, the straight line drawn from the centre 
of the square to the vertex of the right angle bisects the right angle. 
(§200.) 

43. The perpendiculars from the vertices of a triangle to the oppo- 
site sides are the bisectors of the angles of 
the triangle formed by joining the feet of 
the perpendiculars. 

(To prove AD, BE. and CF the bisect- 
ors of the ^i of A DEF. By § 200, a O 
can be circumscribed about quadrilateral 
BDOF; then ZODF=ZOBF; in this 
way, Z ODF = 90° - Z J?^C.) 

Constructions. 

44. Given a side, an adjacent angle, and the radius of the circum- 
scribed circle of a triangle, to construct the triangle. 

What restriction is there on the values of the given lines? 

P. 

45. To describe a circle of given radius tan- 
gent to a given circle, and passing through a given 
point without the circle. 

46. To draw between two given intersecting lines a straight line 
which shall be equal to one given straight line, and parallel to another. 

(Draw a ii to one of the inteneoting lines.) 
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47. Given an angle of a triangle, the length of its bisector, and 
the length of the perpendicular from its vertex to the opposite side, 
to construct the triangle • 

(The side opposite the given /, is tangent to a O drawn with the 
vertex as a centre, and with the ± from the vertex to the opposite side 
as a radius.) 

48. Given an angle of a triangle, and the segments of the oppo- 
site side made by the perpendicular from its vertex, to construct the 
triangle. (§ 226.) 



49. To inscribe a square in a given rhombus. 

(Bisect the A between diagonals AG and BD. To 
prove EFGH a square, prove /^ OBE, OBF, ODG, 
and ODH equal ; whence, OE=OF=OG= OH.) 




50. To draw a parallel to side BC of triangle 
ABC meeting AB and AC in D and E, respec- 
tively, so that DE may equal EC. 

51. To draw a parallel to side BC ot tri- 
angle ABC, meeting AB and AC in D and E^ 
respectively, so that DE may equal the sum of 
BD and CE. 



52. Given an angle of a triangle, the length of the perpendicular 
from the vertex of another angle to the opposite side, and the radius 
of the circumscribed circle, to construct the triangle. 

(The centre of the circumscribed O is equally distant from the 
given vertices.) 

53. Through a given point without a given circle to draw a secant 
whose internal and external segments shall be equal. (Ex. 65, p. 103.) 



54. Given the base of a triangle, an adjacent 
angle, and the sum of the other two sides,' to con- 
struct the triangle. 

(Lay off AD equal to the sum of the other two 
Bides.) ^ 
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SB. If AH CI) w Ui inscribed quadrilateral, aiid sides AD and BC 
pniduoed meet at ]\ tbt* taujrent at P to the circle circomHcribed about 
irUuiiU- AliP iK parallel u* CD. (§ 1»G. ) 

(Prove Z between the taugent and i^P equal to £TCD.) 

S9. AliCD IK a quadrilateral inscribed in a circle. Another circle 
IH described upon AD an a chord, meeting AB and CD at E and F^ 
respectively. I*rove chords I^Cand 17P parallel. 

{Yt^v^AABC-jLAEF.) 

40. If ABCDEFGH is an inscribed octagon, the smn of angles 
A. C, E, and G Ik equal to six right angles. (§ 193.) 

41. If the number of sides of an inscribed polygon is even, the 
sum of the alternate angles is equal to as many right angles as the 
polygon liaK sides less two. 

(Use same method of proof as in Ex. 40.) 

42. If a right triangle haA for its hypotenuse the »de of a square, 
and lies without the square, the straight line drawn from the centre 
of the square to the vertex of the right angle bisects the right an^e. 
(§5J(K).) 

43. The perpendiculars from the vertices of a triangle to the oppo- 
site sides are the bisectors of the angles of 

the triangle formed by joining the feet of 
the perpendiculars. 

(To prove AD, BE. and CF the bisect- 
ors of the -4 of A DEF. By § 200, a O 
can be circumscribed about quadrilateral 
BDOF; then Z ODF = Z OBF ; m this 
way, Z ODF = 90° - ZBAC) 

Constructions. 

44. Given a side, an adjacent angle, and the radius of the circum- 
scribed circle of a triangle, to construct the triangle. 

What restriction is there on the values of the given lines? 

P. 

45. To describe a circle of given radius tan- 
gent to a given circle, and passing through a given 
point without the circle. 

46. To draw between two given intersecting lines a straight line 
which shall be equal to one given straight line, and parallel to another. 

(Dfftw a II to one of the interaeoting lines.) 
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47. Given an angle of a triangle, the length of its bisector, and 
the length of the perpendicular from its vertex to the opposite side, 
to construct the triangle . 

(The side opposite the given /, is tangent to a O drawn with the 
vertex as a centre, and with the ± from the vertex to the opposite side 
as a radius.) 

48. Given an angle of a triangle, and the segments of the oppo- 
site side made by the perpendicular from its vertex, to construct the 
triangle. (§ 226.) 



49. To inscribe a square in a given rhombus. 

(Bisect the A between diagonals AG and BD, To 
prove EFQH a square, prove /^ QBE, OBF, ODQ, 
and ODH equal; whence, OE=OF=OG= OH.) 




50. To draw a parallel to side BC of triangle 
ABC meeting AB and AC in D and E, respec- 
tively, so that DE may equal EC. 

51. To draw a parallel to side BC oi tri- 
angle ABC, meeting AB and AC in D and E, 
respectively, so that DE may equal the sum of 
BD and CE. 



52. Given an angle of a triangle, the length of the perpendicular 
from the vertex of another angle to the opposite side, and the radius 
of the circumscribed circle, to construct the triangle. 

(The centre of the circumscribed O is equally distant from the 
given vertices.) 

53. Through a given point without a given circle to draw a secant 
whose internal and external segments shall be equal. (Ex. 65, p. 103.) 



54. Given the base of a triangle, an adjacent 
angle, and the sum of the other two sides,' to con- 
struct the triangle. 

(Lay off AD equal to the sum of the other two 
sides.) A 
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38. If ABCD is an inscribed quadrilateral, and sides AD and BO 
produced meet at P, the tangent at P to the circle circumscribed about 
triangle ABP is parallel to CD, (§ 196.) 

(Prove Z between the tangent and BP equal to Z PCD.) 

39. ABCD is a quadrilateral inscribed in a circle. Another circle 
is described upon AD as a chord, meeting AB and CD at E and P, 
respectively. Prove chords JBC and JFP parallel. 

(Prove Z.ABC=/.AEF,) 

40. If ABCDEFGH is an inscribed octagon, the sum of angles 
A^ G, E, and O is equal to six right angles. (§ 193.) 

41. If the number of sides of an inscribed polygon is even, the 
sum of the alternate angles is equal to as many right angles as the 
polygon has sides less two. 

(Use same method of proof as in Ex. 40.) 

42. If a right triangle has for its hypotenuse the side of a square, 
and lies without the square, the straight line drawn from the centre 
of the square to the vertex of the right angle bisects the right angle. 
(§ 200.) 

43. The perpendiculars from the vertices of a triangle to the oppo- 
site sides are the bisectors of the angles of 
the triangle formed by joining the feet of 
the perpendiculars. 

(To prove AD, BE, and CF the bisect- 
ors of the A of A DEF. By § 200, a O 
can be circumscribed about quadrilateral 
BDOF; then ZODF=ZOBF; in this 
way, Z OZ)P= 90° - ^BAC.) 

Constructions. 

44. Given a side, an adjacent angle, and the radius of the circum- 
scribed circle of a triangle, to construct the triangle. 

What restriction is there on the values of the given lines ? 

P. 

45. To describe a circle of given radius tan- 
gent to a given circle, and passing through a given 
point without the circle. 

46. To draw between two given intersecting lines a straight line 
which shall be equal to one given straight line, and parallel to aaother. 

(Draw a II to one of the intersecting lines.) 
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47. Given an angle of a triangle, the length of its bisector, and 
the length of the perpendicular from its vertex to the opposite side, 
to construct the triangle . 

(The side opposite the given ^ is tangent to a O drawn with the 
vertex as a centre, and with the ± from the vertex to the opposite side 
as a radius.) 

48. Given an angle of a triangle, and the segments of the oppo- 
site side made by the perpendicular from its vertex, to construct the 
triangle. (§ 226.) 



49. To inscribe a square in a given rhombus. 

(Bisect the A between diagonals AG and BD, To 
prove EFGH a square, prove ii OBE, OBF, ODG, 
and ODH equal ; whence, OE=OF=OG= OH.) 




50. To draw a parallel to side BC of triangle 
ABC meeting AB and AG in. D and E^ respec- 
tively, so that DE may equal EG. 

51. To draw a parallel to side BC of tri- 
angle ABG, meeting AB and AG in D and E, 
respectively, so that DE may equal the sum of 
BD and GE. 



52. Given an angle of a triangle, the length of the perpendicular 
from the vertex of another angle to the opposite side, and the radius 
of the circumscribed circle, to construct the triangle. 

(The centre of the circumscribed O is equally distant &om the 
given vertices.) 

53. Through a given point without a given circle to draw a secant 
whose internal and external segments shall be equal. (£x. 66, p. 103.) 



54. Given the base of a triangle, an adjacent 
angle, and the sum of the other two sides,' to con- 
struct the triangle. 

(Lay off AD equal to the sum of the other two 
sides.) ^ 
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55. GiTen the base of a triangle, an adjacent 
acate anf^le, aiid the difference of the other two 
sides, to construct the triangle. 

What restriction is there on the valaes of the 
given lines ? a 

56. Given the feet of the perpendiculars from the vertices of a 
triangle to the opposite sides, to construct the triangle. (Ex. 43.) 

BOOK in. 

. 57. In any triangle, the product of any two 
sides is equal to the product of the segments 
of the third side formed by the bisector of the 
exterior angle at the opposite vertex, minus 
the square of the bisector. 

(To prove AB x AG=DBx DC- A&. 
The work is carried out as in § 288 ; first prove A ABD and ACE 
similar.) 

58. If the sides of a triangle are AB = 4, ^(7= 5, and BC = 6, 
find the length of the bisector of the exterior angle at vertex A. 
(§ 261.) 

59. ABC is an isosceles triangle. If the perpendicular to AB at 
A meets base BC, produced if necessary, at E, and D is the middle 
point of BE, prove AB a mean proportional between BC and BD. 
(Ex. 83, p. 60.) 

(A ABC 3knd ABD are similar.) 

60. If D and E, F and (r, and H and K are points 
on sides AB, BC, and CA, respectively, of triangle 
ABC, so taken that AD=DE=^EB, BF=FG =QC, N^ 
and CH = HK:=: KA^ prove that lines EF, GH, and EX )(H 
KD, when produced, form a triangle equal to ABC. b * \ — 7fe-^C 

(By § 248, sides of ALMN are ii, respectively, to 
sides of A ABC) 

61. The square of the common tangent to two circles which are 
tangent to each other externally is equal to 4 times the product of 
their radiL (§ 273.) 

62. The sides AB and BC ot triangle ABC are 3 and 7, respec- 
tively, and the length of the bisector of the exterior angle B is 3 V7. 
Find side ^0. (Ex. 57, and § 261.) 

63. One segment of a chord drawn through a point 7 units from 
the centre of a circle is 4 units. If the diameter of the oirole is 15 
units, what is the other segment ? (§ 280.) 
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64. If ^ is the middle point of one of the parallel sides BC of 
trapezoid ABGD, and AE and DE produced meet DC and AB pro- 
duced at F and G, respectively, prove FG parallel to AD, 

(A ADQ and BEQ are similar, as also are ^ ADF and CEF,) 

65. The perpendicular from the intersection 
of the medians of a triangle to any straight line 
in the plane of the triangle, not intersecting its 
surface, is equal to one-third the sum of the 
perpendiculars from the vertices of the triangle 
to the same line. 

(The sum of the bases of a trapezoid is equal 
to twice the line joining the middle points of 
the non-parallel sides.) 

66. If two parallels are cut by three or more 
straight lines passing through a common point, 
the corresponding segments are proportional. 

^ ^ CD 

A'B' 




(To prove ^|^ = ^^ 



AOAB, 




B'C CD' 
OBC, and OCD are similar, respectively, to 
A OA'B', OB'C, and OCA'.) 

67. State and prove the converse of Ex. 6Q. 

(Fig. of Ex. 66. To prove that AA', BB', CO', and DD' pass 
through a common point. Let A A' and BB' meet at 0, and draw 
OC and OC ; then prove /^ OBC and OB'C similar.) 

68. The non-parallel sides of a trapezoid and the line joining the 
middle points of the parallel sides, if produced, meet in a common 
point. (Ex. 67.) 

69. BD is the perpendicular from the vertex of 
the right angle to the hypotenuse of right triangle 
ABC. ItEis any point in AB, and EF be drawn 
perpendicular to AC, and FGf perpendicular to AB, 
prove 'lines CE and DG parallel. 

(A ABC and AEF are similar. By § 271, 2, we may prove 

AD:CD = Aff : BC^, and AG : EG = AF^ ; EF^ ; then, we have 
AD : CD = AG : EG,) 

70. In right triangle ABC, BG^ = 3 AG^, If CD be drawn from 
the vertex of the right angle to the middle point of AB, prove ^ACD 
equal to 60°. (Ex. 83, p. 69.) 

(Prove -4C = i2l^.) 
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71. If Z> is the middle point of side BC of right triangle ABCf and 
DE be drawn perpendicular to hypotenuse ABj prove 

A£^ - BE^ = AC^. 

(AE = AB — BE; square this by the rule of Algebra.) 

72. If BE and CF are medians drawn from the extremities of the 
hypotenuse of right triangle ABC, prove 

(§272.) 



i'2 




4 BE* + 4 CF"^ = 6 BC\ 

73. If ABC and ADC are angles inscribed 
in a semicircle, and AE and CF be drawn per- 
pendicular to BD produced, prove 

. BE^ + BF^ = DE^ + DF\ (§ 273.) 

74. If perpendiculars PF, PD, and P^be 
drawn from any point P to sides AB, BC, and 
CA, respectively, of a triangle, prove 

AF^ + JSD' + CE^ = JF^ + BF^ + CS*. 

(§ 273.) 

75. If J5C7 is the hypotenuse of right triangle ABC, prove 

{AB + 5C + CAY = 2(^5 + BC) {BC + C^). 
(Square AB-^-BC-^-CA by the rule of Algebra.) 



76. If lines be drawn from any point P to 
the vertices of rectangle ABCD, prove 

p? + PG^ = PsV p5*. 



77. It AB and ^(7 are the equal sides of an isosceles triangle, 
and BD be drawn perpendicular to AC, prove 2 AC y. CD = BG^. 

{AD = AC — CD ; square this by the rule of Algebra.) 

78. If AD and BE are the perpendiculars from vertices A and B, 
respectively, of acute-angled triangle ABC to the opposite sides, prove 

AC X AE -^ BC X BD = Iff. 




(By § 277, 2ACxAE= AB' + AC'- BC^ ; and in like manner 
a value may be found for 2 -BC x BD.) 

79. The sum of the squares of the sides of a parallelogram is equal 
to the sum of the squares of its diagonals. (§ 279, 1.) 

80. To construct a triangle similar to a given triangle, having 
given its perimeter. 

(Divide the perimeter into parts proportional to the sides of the A.) 
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81. To construct a right triangle, having given its perimeter and 
an acute angle. 

(From any point in one side of the given Z draw a JL to the other 
side. ) 

82. To describe a circle through two 
given points, tangent to a given straight 
line. (§ 282.) 

(To prove O drawn with as a centre and 
OP as a radius tangent to AB^ draw BF tan- 
gent to the O, and prove A OBE = A OBF,) 

83. If A and B are points on either side 
of line CD, and line AB cuts CD at F, find 
a point E in CD such that 

AE:BE = AF: BF. (§ 249.) 

(^EF bisects Z AEB of A ABE.) 




BOOK IV. 

84. In the figure on p. 174, 

(a) Prove lines CF and BH perpendicular. 

(If CF and BH meet at 8, /. C8H is an ext. i^ of A BC8.) 

(Jb) Prove lines AQ and BK parallel. , 

(c) Prove the sum of the perpendiculars from H and L to AB pro- 
duced equal to AB. 

(If _L from H meets BA produced at §, A AHQ = A ACD.) 

{d) Prove triangles AFH^ BEL^ and CG^iT each equivalent to ABC. 

(If AF be taken as the base of A AFH, its altitude is equal to CD.) 

(e) Prove C, H, and L in the same straight line. 

(Prove CH and CL in the same str. line.) 

(/) Prove the square described upon the sum of AC and BG 
equivalent to the square described upon ABj plus 4 times A ABC* 

(Square AC + BC by the rule of Algebra.) 

(g) Prove the sum of angles AFH, AHF, BEL, and BLE equal 
to a right angle. 

(Z AFH-^ Z AHF- \%{f - Z FAH.) 

(h) If FN and EP are the perpendiculars from F and E, respec- 
tively, to HA and LB produced, prove triangles AFN and BEP each 
equal to ABC. 

(0 Prove m? + FH^ + GK^ = 6 Iff. 

(EL is the hypotenuse of rt. A ELP, and FH of A FHN; sides 
Pi and HN may be found by (Ji),) 
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(i) ProT© CP - CE? = AC^ - BC^, ' 

(k) Prove that lines AL^ BH, and CJf meet at a common point. 
(Ex. 84, («).) 

(Produce DC to T, making CT=DJf, and prove AL, BH, and 
CM the Ji from the vertices to the opposite sides of A ABT.) 

(l) Prove that lines HG^ LK^ and MC when produced meet at a 
common point. 

(Draw (^Tand KT, and prove A CGT SLnd CKTrt, A.) 

85. If BE and CF are medians drawn from 
vertices B and C of triangle ABC^ intersecting 
at Z>, prove triangle BCD equivalent to quadri- 
lateral AEDF. 

(area BCD = area BCF- area BDF.) 

86. If D is the middle point of side BC of triangle ABC, E the 
middle point of AD^ F of BE^ and O of C^, prove A ABC equivalent 
toSAEFG. 

(Draw CE ; then, area ^5C = 2 area 5(7^.) 

87. If E and ^are the middle points of sides AB and CD, respec- 
tively, of parallelogram ABCD^ and AF and CE be drawn intersecting 
^Z) in H and L, respectively, and BF and Z)^ intersecting AG in 
K and G', respectively, prove GHKL a parallelogram equivalent to 
^ABCD. (§140.) 

(If ^O and BD intersect at 3f, ^ilf and DE are medians of A ABD.) 

88. Any quadrilateral ABCD Is equivalent to a 
triangle, two of whose sides are equal to diagonals 
AC and BD, respectively, and include an angle 
equal to either of the angles between A C and BD. 

(Produce -4C to ^, making CF = AE ; and BD 
to G, making DG = BE, To prove quadrilateral 
ABCD<>AEFG. ADFG^AABC.) 

89. If through any point E in diagonal AC 
of parallelogram ABCD parallels to AD and 
AB be drawn, meeting AB and CD in F and 
H, respectively, and BC and AD in G and K, 
respectively, prove triangles EFG and EHK 
equivalent. 

90. If E is the intersection of diagonals AC and BD of a quadri- 
lateral, and triangles ABE and CDS are equivalent, prove sides AD 
and BO parallel. 

{AiABD and ^C2> are equivalent.) 
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91. Find the area of a trapezoid whose parallel sides are 28 and 
36, and non-parallel sides 15 and 17, respectively. 

(By drawing through one vertex of the upper base a II to one of the 
non-parallel sides, one Z of the figure may be proved a rt. Z, by Ex. 
63, p. 164.) 

92. If similar polygons be described upon the legs of a right triangle 
as homologous sides, the polygon described upon the hypotenuse is 
equivalent to the sum of the polygons described upon the legs. 

(Find, by § 322, the ratio of the area of the polygon described upon 
each leg to the area of the polygon described upon the hypotenuse.) 

93. If E^ F, Q, and ff are the middle points 
of sides AB, BG, CD, and DA, respectively, of a 
square, prove that lines AG, BH, CE, and DF 
form a square equivalent to \ABCD. 

(First prove AADG =zAABH; then, by § 85, 1, 
Z NKL may be proved a rt. Z. By § 131, each side 

of KLMN may be proved equal to AK, From 

AD \ 

similar ^AHK^vAADG, ^.iTmay be proved equal to ^==^^ \ 

V6 / 

94. If ^ is any point in side BG of parallelogram ABGD, and DE 
be drawn meeting AB produced at F, prove triangles ABE and GEF 
equivalent. 

(A ABE H- A GDE^I\ GDF.) 

95. If Z> is a point in side AB of triangle ABC^ 
find a point E m AG such that triangle ADE shall 
be equivalent to one-half triangle ABG, P 

(ADEF^AGEF) D 

What restriction is there on the position of D ? B 





BOOK V. 

96. The area of the ring included between two 
concentric circles is equal to the area of a circle, 
whose diameter is that chord of the outer circle 
which is tangent to the inner. 

(To prove area of ring = J tAG^.) 

97. An equilateral polygon circumscribed about a circle is regular 
if the number of its sides is odd. (§ 345.) 

(The polygon can be inscribed in a Q.) 
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I. An equiangular polygon inscribed in a circle is legolar if the 
namber of its sides is odd. (§ 846.) 

(The polygon can be proved equilateral.) 

99. If a circle be circumscribed about a right 
triangle, and on each of its legs as a diameter 
a semicircle be described exterior to the triangle, 
the sum of the areas of the crescents thus formed 
is equal to the area of the triangle. (§ 272.) 

(To prove area AECO + area BFCH equal 
to area ^l^C.) 

100. If the radius of the circle is 1, the side, apothem, and diagonal 
of a regular inscribed pentagon are, respectively, 

\ V(10 - 2 V5), J (1 + v^)i and J V(10 + 2 V5). 

(In Fig. of Prop. IX., the apothem of a regular inscribed pentagon 
is the distance from to the foot of a JL from B to OA, and its side 
is twice this ±. The diagonal is a leg of a rt. A whose hypotenuse 
is a diameter, and whose other leg is a side of a regular inscribed 
decagon.) 

101. The square of the side of a regular inscribed pentagon, minus 
the square of tlie side of a regular inscribed decagon, is equal to the 
square of the radius. (Ex. 100, and § 359.) 

102. The sum of the perpendiculars drawn to the sides of a regu- 
lar polygon from any point within the figure is equal to the apothem 
multiplied by the number of sides of the x>olygon. 

(The Jl are the altitudes of ^ which make up the polygon.) 

103. In a given equilateral triangle to in- 
scribe three equal circles, tangent to each other, 
and each tangent to one, and only one, side of 
the triangle. 

(By f 174, the ($ touch the Ji at the same 
points.) 



104. In a given circle to inscribe three 
equal circles, tangent to each other and to the 
given circle. 
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38. If ABCD is aii inscribed quadrilateral, and sides AD and BC 
produced meet at P, the tangent at P to the circle circumscribed about 
triangle ABP is parallel to CD, (§ 196.) 

(Prove Z between the taiigent and BP equal to Z PCD.) 

39. ABCD is a quadrilateral inscribed in a circle. Another circle 
is described upon AD as a chord, meeting AB and CD at E and P, 
respectively. Prove chords i^Cand ^P parallel. 

(Prove /.ABC=/.AEF.) 

40. If ABCDEFGH is an inscribed octagon, the sum of angles 
A^ C, E, and O is equal to six right angles. (§ 193.) 

41. If the number of sides of an inscribed polygon is even, the 
sum of the alternate angles is equal to as many right angles as the 
polygon has sides less two. 

(Use same method of proof as in Ex. 40.) 

42. If a right triangle has for its hypotenuse the side of a square, 
and lies without the square, the straight line drawn from the centre 
of the square to the vertex of the right angle bisects the right angle. 
(§200.) 

43. The perpendiculars from the vertices of a triangle to the oppo- 
site sides are the bisectors of the angles of 
the triangle formed by joining the feet of 
the perpendiculars. 

(To prove AD, BE, and CF the bisect- 
ors of the A ot A DEF, By § 200, a O 
can be circumscribed about quadrilateral 
BDOF; then ZODF^ZOBF] in this 
way, Z 07)P= 90^ - /IB AC.) 

Constructions. 

44. Given a side, an adjacent angle, and the radius of the circum- 
scribed circle of a triangle, to construct the triangle. 

What restriction is there on the values of the given lines ? 

P. 

45. To describe a circle of given radius tan- 
gent to a given circle, and passing through a given 
point without the circle. 

46. To draw between two given intersecting lines a straight line 
which shall be equal to one given straight line, and parallel to another. 

(Draw a II to one of the intersecting lines.) 
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47. Given an angle of a triangle, the length of its bisector, and 
the length of the perpendicular from its vertex to the opposite side, 
to construct the triangle . 

(The side opposite the given ^ is tangent to a O drawn with the 
vertex as a centre, and with the JL from the vertex to the opposite side 
as a radius.) 

48. Given an angle of a triangle, and the segments of the oppo- 
site side made by the perpendicular from its vertex, to construct the 
triangle. (§ 226.) 



49. To inscribe a square in a given rhombus. 

(Bisect the A between diagonals AG and BD. To 
prove EFGH a square, prove A QBE, OBF, ODG, 
and ODH equal ; whence, OE=OF^OQ= OH,) 




50. To draw a parallel to side BC of triangle 
ABC meeting AB and AC m D and JF, respec- 
tively, so that DE may equal EC, 

51. To draw a parallel to side BC ot tri- 
angle ABC, meeting AB and ^C in 2> and E, 
respectively, so that DE may equal the sum of 
BD and CE, 



52. Given an angle of a triangle, the length of the perpendicular 
from the vertex of another angle to the opposite side, and the radius 
of the circumscribed circle, to construct the triangle. 

(The centre of the circumscribed O is equally distant from the 
given vertices.) 

53. Through a given point without a given circle to draw a secant 
whose internal and external segments shall be equal. (Ex. 66, p. 103.) 



54. Given the base of a triangle, an adjacent 
angle, and the sum of the other two sides/ to con- 
struct the triangle. 

(Lay off AD equal to the sum of the other two 
sides.) A 
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Acute angle, § 27. 
Adjacent angles, § 23. 

diedral angles, § 428. 
Alternate-exterior angles, § 71. 
-interior angles, § 71. 
Alternation, § 235. 
Altitude of a cone, § 553. 

of a cylinder, § 540. 

of a frustum of a cone, 

§553. 
of a frustum of a pyramid, 

§606. 
of a parallelogram, § 104. 
of a prism, § 466. 
of a pyramid, § 502. 
of a spherical segment, 

§662. 
of a trapezoid, § 104. 
of a triangle, § 60. 
of a zone, § 662. 
Angle, § 20. 

at the centre of a regular 

polygon, § 341. 
between two intersecting 

curves, § 583. 
inscribed in a segment, 

§148. 
of a lune, § 616. 
Angles of a polygon, § 118. 

of a quadrilateral, § 103. 
of a spherical polygon, 

§ 587. 
of a triangle, § 57. 
Angular degree, § 29. 
Antecedents of a proportion, § 229. 



Apothem of a regular polygon, 

§341. 
Arc of a circle, § 142. 
Area of a surface, § 302. 
Axiom, § 15. 
Axis of a circle of a sphere, § 667. 

of a circular cone, § 553. 

of a circular cylinder, § 546. 

of symmetry, § 387. 

Base of a cone, § 553. 

of a polyedral angle, § 462. 
of a pyramid, § 602. 
of a spherical pyramid, § 589. 
of a spherical sector, § 664. 
of a spherical wedge, § 617. 
of a triangle, § 60. 
Bases of a cylinder, § 540. 

of a parallelogram, § 104. 

of a prism, § 466. 

of a spherical segment, § 662. 

of a trapezoid, § 104. 

of a truncated prism, § 472. 

of a truncated pyramid, 

§ 605. 
of a zone, § 662. 
Bi-rectangular triangle, § 598. 
Broken line, § 7. 

Central angle, § 148. 
Centre of a circle, § 142. 

of a parallelogram, § 111. 

of a regular polygon, § 341, 

of a sphere, § 561. 

of symmetry^ % ^^^. 
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Chonl of a circle, 9 147. 
Circle, $ 142. 

circiiinHrrribed aboutajKily- 
ffoii, § ir,i. 

\uw:r\\H:d In a polygon, 

Circlf'H tangent externally, §160. 

tangent internally, § 1*70. 
(*ircular cone, $ r>/>3. 

cylinder, § 540. 
f.'ircurnference, § 142. 
CommenMurable magnitudes, § 181. 
('onimon nieaMiire, § IHl. 
tangent, § 150. 
Complement of an angle, $ *%. 
of an arc, § HK). 
(^Complementary angle«, § 30. 
(/'ompoHition, f 237. 
(yoncave polygon, f 121. 
Concentric circlen, § 146. 
CondiiHion, § 38. 
(;ouc, § 553. 

of revolution, f 655. 
('onical Hxirftuut, § 553. 
ConMcquentfl of a proportion, § 229. 
(/onHtant, § 185. 
(^'onvcrne of a proposition, § 39. 
Convex iK)lyedral angle, § 453. 

polyedron, § 463. 

IK)lygon, § 121. 

Hpherical polygon, § 588. 
Corollary, § 15. 
Corr(;Hponding angles, § 71. 
Cube, f 474. 
Curve, f 7. 
Curved Hurface, § 10. 
Cylinder, § 540. 

of revolution, § 660. 
Cylindrical surface, § 540. 

Decagon, § 119. 
Degree of arc, f 190. 
Determination of a plane, § 394. 

of a straight line, 
§18. 
Diagonal of a polyedron, § 461. 



Diagonal of a polygon, § 118. 

of a quadrilateral. § 103. 
. of a spherical polygon, 

ioS7. 
Diameter of a circle, § 142. 
j of a sphere, § 561. 

= DiednU angle, § 428. 
Dimensions of a rectangle, § 304. 
of a rectangular paral- 
lelopiped. § 487. 
Directrix of a conical surface, 
§553. 
of a cylindrical surface, 
§540. 
Distance between two points on 
the surface of a sphere, 
§573. 
of a point from a line, 

§47. 
of a point from a plane, 
§410. 
Division, § 238. 
Dodecaedron, § 462. 
Dodecagon, § 119. 

Edge of a diedral angle, § 428. 
Edges of a polyedral angle, § 452. 

of a polyedron, § 461. 
Element of a conical surface, § 553. 
of a cylindrical surface, 
§540. 
Enneagon, § 119. 
Equal angles, § 22. 

diedral angles, § 432. 
figures, § 22. 
polyedral angles, § 454. 
Equiangular polygon, § 120. 

triangle, § 58. 
Equilateral polygon, § 120. 

spherical triangle, 

§587. 
triangle, § 58. 
Equivalent solids, § 465. 

surfaces, § 303. 
Exterior angles, § 71. 

of a triangle, § 57. 
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Extremes of a proportioD, § 229. 

Face angles of a polyedral angle, 

§462. 
Faces of a diedral angle, § 428. 
of a polyedral angle, § 452. 
of a polyedron, § 461. 
Figure symmetrical with respect 
to a centre, § 390. 
symmetrical with respect 
to an axis, § 891. 
Figures symmetrical with respect 
to a centre, § 388. 
symmetrical with respect 
to an axis, § 388. 
Foot of a line, § 397. 
Fourth proportional, § 231. 
Frustum of a cone, § 653. 

of a pyramid, § 606. 
of a pyramid circum- 
scribed about a frus- 
tum of a cone, § 649. 
of a pyramid inscribed 
in a frustum of a cone, 
§649. 

Generatrix of a conical surface, 
§563. 
of a cylindrical sur- 
face, § 640. 

Geometrical figure, § 12. 

Geometry, § 13. 

Great circle of a sphere, § 567. 

Hendecagon, § 119. 

Heptagon, § 119. 

Hexaedron, § 462. 

Hexagon, § 119. 

Homologous, §§ 66, 123. 

Hjrpotenuse of a right triangle, 

§59. 
Hypothesis, § 16. 

Icosaedron, § 462. 
Incommensurable ma^itudes, 
§181. 



Indirect method of proof, § 50. 
Inscribed angle, § 148. 
Inscriptible polygon, § 161. 
Interior angles, § 71. 
Inversion, § 236. 
Isoperimetric figures, § 378. 
Isosceles spherical triangle, § 587. 
triangle, § 58. 

Lateral area of a cone, § 647. 

of a cylinder, § 638. 
of a frustum of a cone, 

§647. 
of a prism, § 466. 
of a pyramid, § 602. 
Lateral edges of a prism, § 466. 

of a pyramid, § 502. 
Lateral faces of a prism, § 466. 

of a pyramid, § 602. 
Lateral surface of a cone, § 558. 

of a cylinder, §540. 
Legs of a right triangle, § 69. 
Limit of a variable, § 186. 
Line, § 3. 

Locus of a series of points, § 141. 
Lower base of a frustum of a cone, 
§653. 
nappe of a conical surface, 
§653. 
Lune, § 616. 

Material body, § 1. 
Mean proportional, § 230. 
Means of a proportion, § 229. 
Measure of a magnitude, § 180. 

of an angle, § 29. 
Median of a triangle, § 189. 
Mutually equiangular polygons, 
§122. 
equiangular spherical 

polygons, § 599. 
equilateral polygons, 

§ 122. 
equilateral spherical 
polygons, % ^^. 
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Numerical measure, § 180. 

Oblique angles, § 27. 

liiieH, § 27. 

prism, § 470. 
Obtuse angle. § 27. 
Octaedron, § 402. 
Octagon, § 119. 

Parallel lines, § 52. 

planes, § 307. 
Parallelogram, § 104. 
Parallelopiped, § 474. 
Pentagon, § 119. 
Perimeter of a polygon, § 118. 
Perpendicular lines, § 24. 

planes, § 436. 
Plane, § 9. 

angle of a diedral angle, 

§ 429. 
figure, § 12. 
geometry, § 14. 
tangent to a cone, § 558. 
tangent to a cylinder, § 540. 
tangent to a frustum of a 

cone, § 553. 
tangent to a sphere, § 564. 
Point, § 4. 

of contact of a line tangent 

to a circle, § 149. 
of contact of a line tangent 

to a sphere, § 564. 
of contact of a plane tangent 
to a sphere, § 564. 
Points symmetrical with respect to 
a line, § 387. 
symmetrical with respect to 
a point, § 386. 
Polar distance of a circle of a 
sphere, § 576. 
triangle of a spherical tri- 
angle, § 590. 
triangles, § 592. 
Poles of a circle of a sphere, § 567. 
Polyedral angle, § 452. 
Folyedron, § 461. 



Polyedron circumscribed about a 
sphere, § 564. 
inscribed in a sphere, 
§564. 
Polygon, § 118. 

circumscribed about a 

circle, § 151. 
inscribed in a circle, § 151. 
Postulate, § 15. 
Prism, § 466. 

circumscribed about a cylin- 
der, § 639. 
inscribed in a cylinder, 
§ 639. 
Problem, § 15. 

Projection of a line on a line, 
§276. 
of a line on a plane, 

§ 447. 
of a point on a line, 

§ 275. 
of a point on a plane, 

§447. 
Proportion, § 227. 

Proposition, § 15. 

I^ramid, § 502. 

circumscribed about a 
cone, § 648. 

inscribed in a cone, § 648. 

Quadrangular prism, § 469. 

pyramid, § 503. 
Quadrant, § 146. 
Quadrilateral, § 103. 

Radius of a circle, § 142. 

of a regular polygon, § 341. 
of a sphere, § 561. 
Ratio, § 180. 

Reciprocally proportional magni- 
tudes, § 281. 
Rectangle, § 105. 

Rectangular parallelepiped, § 474. 
Rectilinear figure, § 12. 
Re-entrant angle, § 121. 
Regular polyedron, § 586. 
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Regular polygon, § 339. 
prism, § 471. 
pyramid, § 504. 
Rhomboid, § 105. 
Rhombus, § 105. 
Right angle, § 24. 

angled spherical triangle, 
§ 687. 

circular cone, § 653. 

cylinder, § 540. 

diedral' angle, § 436. 

parallelopiped, § 474. 

prism, § 470. 

section of a cylinder, § 638. 

section of a prism, § 473. 

triangle, § 59. 

Scalene triangle, § 58. 
Scholium, § 15. 
Secant, § 149. 
Sector of a circle, § 147. 
Segment of a circle, § 147. 
Segments of a line by a point, § 250. 
Semicircle, § 147. 
Semi-circumference, § 146. 
Sides of a polygon, § 118. 

of a quadrilateral, § 103. 
of a spherical polygon, § 587. 
of a triangle, § 57. 
of an angle, § 20. 
Similar arcs, § 369. 

cones of revolution, § 555. 
cylinders of revolution, 

§550. 
polyedrons, § 627. 
polygons, § 252. 
sectors, § 369. 
segments, § 369. 
Slant height of a cone of revolu- 
tion, § 647. 
of a frustum of a cone 
of revolution, §647. 
of a frustum of a regu- 
lar pyramid, § 511. 
of a regular pyramid, 
§508. 



Small circle of a sphere, § 567. 
SoUd, § 2. 

geometry, § 14. 
Sphere, § 561. 

circumscribed about a 

polyedron, § 564. 
inscribed in a polyedron, 
§564. 
Spherical angle, § 583. 

excess of a spherical tri- 
angle, § 632. . 
polygon, § 587. 
pyramid, § 589. 
sector, § 664. 
segment, § 662. 
segment of one base, 

§ 662. 
triangle, § 587. 
v«redge, § 617. 
Square, § 105. 
Straight line, § 7. 

divided in extreme 
and mean ratio 
externally, § 296. 
divided in extreme 
and mean ratio 
internally, § 296. 
oblique to a plane, 

§397. 
parallel to a plane, 

§ 397. 
perpendicular to a 

plane, § 397. 
tangent to a circle, 

§ 149. 
tangent to a sphere, 
§ 564. 
Straight lines divided proportion- 
ally, § 243. 
Subtended arc, § 147. 
Supplement of an angle, § 30. 
of an arc, § 190. 
Supplementary-adjacent angles, 

§33. 
angles, § 30. 
Surface, § 2. 
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Surface of a material body, § 1. 

of a 8olid, § 2. 
Symmetrical polyedral angles, 

§ 455. 
spherical polygons, 
§591. 

Tangent circles, § 150. 
Tetraedron, § 462. 
Theorem, § 15. 
Thinl proportional, § 230. 
Transversal, § 71. 
Trapezium, § 104. 
Trapezoid, § 104. 
Triangle, § 57. 
Triangular prism, § 469. 

pyramid, § 503. 
Triedral angle, § 452. 
Tri-rectangular triangle, § 598. 

pyramid, § 629. 
Truncated prism, § 472. 

pyramid, § 505. 

Unit of measure, § 180. 

of surface, § 302. 

of volume, § 464. 
Upper base of a frustum of a cone, 
§553. 



Upper nappe of a conical surface, 
§553. 

Variable, § 184. 
Vertex of a cone, § 553. 

of a conical surface, § 553. 
of a polyedral angle, § 452. 
of a pyramid, § 502. 
of a sphericid pyramid, 

§589. 
of a triangle, § 60. 
of an angle, § 20. 
Vertical angle of a triangle, § 60. 
angles, § 28. 
diedral angles, § 428. 
polyedral angles, § 452. 
Vertices of a polyedron, § 461. 
of a polygon, § 1 18. 
of a quadrilateral, § 103. 
of a spherical polygon, 

§587. 
of a triangle, § 57. 
Volume of a solid, § 464. 

Zone, § 662. 

of one base, § 662. 
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eral laws, m the arrangement of topics, and in its abundance of examples. 

Wells's New Higher Algebra . • • • . 1.33 

The first part of this book is identical with the author's Essentials of Algebra. 
To this there are added chapters upon advanced topics adequate in scope and 
difficulty to meet the maximum requirement in elementary algebra. 

Wells's Academic Algebra . . • . • 1.08 

This popular Algebra contains an abundance of carefully selected problems. 

^Vells's Higher Algebra . . . . . . 1.33 

The first half of this book is identical with the corresponding pages of the Aca- 
demic Algebra. The latter half treats more advanced topics. 

^Vells's College Algebra ...... 1.50 

A modem text-book for colleges and scientific schools. The latter half of this 
book, beginning with the discussion of Quadratic Equations, is also bound sep- 
arately, and is known as Wells's College Algebra, Part II. $1.33. 

Wells's University Algebra • • • • • 1.3a 

GEOMETRY. 

Wells's Essentials of Geometry — Plane, 75 cts.; Solid, 75 cts.; 

Plane and Solid . . . . . . . x.25 

This new text offers a practical combination of more desirable qualities than 
any other Geometry ever published. , 

Wells's Stereoscopic Views of Solid Geometry Figures • .60 

Ninety-six cards in manila case. 
Wells's Elements of Geometry — Revised 1894. — Plane, 75 cts.j 

Solid, 75 cts.; Plane and Solid . . • • • 1.35 

TRIGONOMETRY. 
Wells's New Plane and Spherical Trigonometry (1896) . $i.oo 

For colleges and technical schools. With Wells's New Six-Place Tables, $1.25. 

Wells's Plane Trigonometry . . . . • '75 

An elementary work for secondary schools. Contains Four-Place Tables. 

^Vells's Complete Trigonometry . . . . .go 

Plane and Spherical. The chapters on plane Trigonometry are identical with 
those of the Dook described above. Witn Tables, $z. 08. 

Wells's New Six-Place Logarithmic Tables • • • .60 

The handsomest tables in print. Large Page. 

Wells's Four-Place Tables • • • • • .35 

ARITHMETIC. 
Wells's Academic Arithmetic • • e • • $z.oo 

Correspondence regarding terms for introduction 
and exchange is cordially invited, 

D. C. Heath & Co., Publishers, Boston, New York, Chicago 



Heath's English Classics. 



A44iioa'f Sir Soger de Corerley Papers. Edited by W. H. Htrosoiv, Professor m die 
Inland Stanford Junior University. Qoch. 232 pages. Nine fall-page illuatrations and 
two OMTXi. 35 cents. 

B«rk3't Speech on Concilintiom with America. E<fited by A. J. Gborgk, Master in 
the Newton (Mass.) High School. Cloth. 119 pages, accents. 

Carlyle'f BMayoBBvma. Edited, with introduction and notes, by Ain>unr J. Gaoscs. 
Cloth. 159 pages. Illustrated. 25 cents. 

Coleridge'f Rime of the Ancient Kariner. Edited by Akdrxw J. Gbokgs. doth. 96 
pages, illustrated. 20 cents. 

Cooper'f Last of the Mohicans. Edited by J. G. Wight, Principal Girls' High School, 
New York City. Cloth. Maps ami illustrations. 659 pages. 50 cents. 

BeQnincey'S FHcht of a Tartar Tribe. Edited by G. A. WAUCHorx, Processor in die 
University of South Carolina. Cloth. 112 pages, ascents. 

Dryden'S Palamon and Arcite. Edited by William H.Crawshaw, Professor in Colgate 
University. Cloth. 158 pages. Illustrated. 35 cents. 

Oeor^e Eliot's Silas Kamer. Edited by G. A. Wauchopk, Professor in the University ai 
South Carolina. Cloth. 2S8 pages. Illustrated. 35 cents. 

Goldsmith's Vicar of Wakefield. With introdoction and notes by William Hkitkt 
Hudson. Cloth. 300 pages. Seventeen fnll-p^^ iUnstiatioas by C. E. Brock. 50 cents. 

Ifacanlay's Bssay on HQUnu Edited bv Albskt Pkkrt Walkvr, etfitor of Mihoo's 
" Paradise I^ost," Master in the Enghsh High School, Boston. Cloth. 146 pages. 
Illustrated. 25 cents. 

Ifacanlay's Bssay on Addison. Edited by Albsrt Pnurr Walkxr. Cloth. 192 pages. 
Illustrated. 35 cents, 

Milton's Paradise Lost. Books I and n. Edited by Albsrt Prrrt Walkkr. Clodi. 
188 pages. Illustrated. 35 cents. 

Milton's Minor Poems. Edited by Albbrt Pkrrt Walkbr. Cloth. 190 pages. Dhs- 
trated. 25 cents. 

Pope's Translation of the Iliad. Books I, YI, XXn, and Xjuy. E£ted by Paul 
Shorby, Professor in the Univeruty of Chicago. Cloth. 174 pages. Illnstiated. 
35 cents. 

Scott's Ivanhoe. Edited by Portbr Landbr M acClintock, Instructor in the Universty 
of Chicago. Cloth. 556 pages- Seventeen full-page illustrations by C. E. Brock. 
50 cents. 

Shakespeare ' S Macbeth . Edited by Edmund K. Ch ambbrs. In die A rdem Skakesfeare 
series. Coth. 188 pages. 35 cents. 

Shakespeare's Merchant of Venice. Edited by H. L. Withxrs. In the Arden Skakt- 
speare 9itnts. Cloth. 178 pages. 25 cents. 

Tennyson's Enoch Arden and the two Locksley Halls. Edited by Calvin S. Brown, 
Professor in the University of Coiorado. Cloth. 168 pages 25 cents. 

Tennyson's The Princess. With introduction and notes by Andrbw J. Gborgb, Master 
in the Newton (Mass.) High School. Cloth. 148 pages. Illustrated. 25 cents. 

Webster ' S First Bunker Hill Oration. With introduction and notes by Andrbw J. Gborgb. 
Boards. 55 pages, ao cents. 

See also our lists of books im English Literature and Higher English, 

D. C. HEATH & CO.3 Publishers, Boston, New York, Chicago 



Science. 



Ballard's World of Matter. A guide to mineralofry and chemistry. ^i.oo. -~~- 

Benton's Guide to General Chemistry. A manual for the laboratory, ascents. 

Boyer's Laboratory Manual in Biology. An elementary guide to the laboratory study of 
animals and plants. 80 cents. 

Boynton, Morse and Watson's Laboratory Manual in Chemistry. 50 cents. 

Chute's Physical Laboratory Manual. A well-balanced course in laboratory phyeics, re» 
quiring inexpensive apparatus. Illustrated. 80 cents. 

Chute's Practical Physics. For high schools and colleges. ^1.12. . 

Clark's Methods in Microscopy. Detailed descriptions of successful methods. ^1.60. 

Coit's Chemical Arithmetic. With a short system of analysis. 50 cents. 

Colton's Physiology : Experimental and Descriptive. For high schools and coileges. 
Illustrated. $1.12. 

Colton's Physiology: Briefer Course. For earlier years in high schools. Illustnted. 
90 cents. 

Colton's Practical Zoology. Gives careful study to typical animals. 60 cents. 

Grabfleld and Bums's Chemical Problems. For review and drill. Paper. 25 cents. 

Hyatt's Insecta. A practical manual for students and teachers. Illustrated. ^1.25. 

Newell 's Experimental Chemistry. A modem text-book in chemistry for high schools 
and colleges. $1.10. 

Omdorff ' s Laboratory Manual . Contains directions for a course of experiments in Organic 
Chemistry, arranged to accompany Remsen's Chemistry. Boards. 35 cents. 

Pepoon, Mitchell and Maxwell's Plant Life. A laboratory guide. 50 cents. 

Remsen'S Organic Chemistry. An introduction to the study of the compounds of carbon. 
For students of the pure science, or its application to arts. ;$i.2o. 

Roberts's Stereo-Chemistry. Its development and present aspects, i.oo. 

Sanford's Experimental Psychology. Part I. Sensation and Perception. ^1.50. 

Shaler's First Book in Geology. Cloth, 60 cents. Boards, 45 cents. 

Shepard ' S Inorganic Chemistry . Descriptive and qualitative ; experimental and inductive ; 
leads the student to observe and think. For high schools and colleges. ;$i.i2. 

Shepard 's Brief er Course in Chemistry, with chapter on Organic Chemistry. For schools 
giving a half year or less to die subject, and schools limited in laboratory faalities. 80 cents. 

Shepard 's Laboratory Note-Book. Blanks for experiments ; tables for the reactions of 
metallic salts. Can be used with any chemistry. Boards. 35 cents. 

Spalding's Botany. Practical exercises in the study of plants. 80 cents. 

Stevens's Chemistry Note-Book. Laboratory sheets and covers. 50 cents. 

Venable's Short History of Chemistry. For students and the general reader, ^i.oo. 

Walter, Whitney and Lucas's Animal Life. A laboratory guide. 50 cents. 

Whiting's Physical Measurement. I. Density, Heat, Light, and Sound. II. Dynamics, 

" J of Physical Measurement, Phv^' 

one volume, {$3.75. 
Whiting's Mathematical and Physical Tables. Paper. 50 cents. 
Williams's Modem Petrography. Paper. 25 cents. 



iting's Physical Measurement. I. Density, Heat, Light, ar 
Magnetism, Electricity. III. Principles and Methods of Phya 
cal Laws and Principles, and Tables. Parts I-IV, in one volu 



For elementary -works see our l^t 0/ 
books in Elementary Science. 



D.C. HEATH & CO., Publishers, Boston, NewYork, Chicago 



History. 



*f EiMtMJ ToptCi. Cxrrcn Aaoect. Mao^rs. and Aaerkaa tusuurr and pm 



ASes't Topicaij OBtliae of Ex^lisk KiStorj. Inc]o££:g r<Jerenus fur Ihcntcre. Baads, 

tweD'ft The CoutitvtiOB of the United States at the Esd of the Fixst Ceatsiy. 
KrcMSts the ConsQtutxii) »» r ha* bees JDVKrprtr'.ted br dcxiBcnu of ihe Vxmc^ Ssaies So- 
}jren»f: Court !rom 17^^ to i!^^ 4*1, pot^ca. Buckrus. ^^.5:. : 'am tLeep. l;-5=^ 



Fisher's Select Bibiicfia y h j of Bodesiasiieal Eittory. An nmoosed lia <rf the moA 
CMtntJal books ior a 'J^eoiogical biudcr: t lifarar>-. 15 ctsis. 

Fbcloacer's Cira Govcrameat: as Dereloped is the States aad the Uaited States. 

An hisvjrkal axuS analytic tindr of dril mititutions. for &chc«o!l5 axxi cxiUe^e. 374 pagg?, 

Han's Method of TeacbiSS History. " Its excelltsce and he]pfu]iic» oogbt to scxrore it 



Pratt's America's StOiy for Anenca'S Children. A series of faistorr readers for ele- 
mentanr tchoolf. 

i. The Beginner 'f Bo(^. Clotfa. 60 illustiatiaos. 132 pages. 35 cents. 
II. r>:iO>rerers and Explorers: i coo to 1^10^ Cloth. 152 pages. 52 Hlus. 40 cents. 
III. The Earlier Colooies: 1601 to 1733. Oo'Ji. 160 pages. Illus. 40 cents. 
IV. The Later Colooies. Cloth. lUus. lOo pages. 4ocenu. 
V. The Revolution and the RepaUic Cloth, lllos. 160 pages. 40 cents. 

Sheldoa'S Ainericail History. Folkm-s the "seminary" or laboratory plan. " By it the 
pupil is not robbed of the rig^t to do his own thinking." Half leather. ^1.12. 

Teacher's MaBoal to Sheldon's American History. 60 cents. 

Sheldon's General History. For high schools and colleges. The only general history 
following the " seminary ** or laboratory plan. Half leather. 572 pages. $1.60. 

Teacher's Mannal to Sheldon's History. Puts into the mstmctor's hand the iy^ to the 
al^ve system. 172 pages. 85 cenu. 

Sheldon's Greek and Roman History. Contains the first 250 pages of the General 
History. $1.00. 

Sheldon-Barnes's Studies in Historical Method. Suggestive studies for teachers and 
students. Cloth. 160 pages. 90 cents. 

Shnmway 'S A Day in Ancient Rome. With 59 illustrations. Should find a place as a 
iUpplemttUary reader in everv high-school class studying Gcero, Horace, Tacitus, etc. 
</i lagvs. Paper, 30 cents ; cioth, 75 cents. 

Thomas's Elementary History of the United States. For younger grades. Maps and 
illustrations. Cloth. 357 pages. 60 cents. 

Thomas's History of the United States. Re^-ised and rewritten. Edition of 1901. For 
schools, academies, and the general reader. A narrative historv mith copious references 
to sources and authorities. Fully illustrated. 592 pages. Half leather. $1.00. 

Bni^sh History Readers. English history for grammar grades. 

Wilson's Compendium of United States and Contemporaiy History. For schools and 
the general reader. 1 14 pages. 40 cents. 

Wilson's The State. Elements of Historical and Practical Politics. A book on the 
organization and functioiu of government. Revised edition, largely rev.Titten. 69a 
pages. $2.00. 

Sent postpaid on receipt of price by the publishers. 

D. C. HEATH & CO., Publishers,Boston, NewYork,Chicago 






